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Abstract
This Report ﬁrst outlines our generic Data-Based Mechanistic (DBM) modelling philosophy, in which models are only deemed credible if, in addition to explaining the time
series data in a statistically eﬃcient, parsimonious manner, they also provide an acceptable physical interpretation of the system under study. It also contrasts this DBM
approach to modelling, in which the model is inferred directly from measured data in
an inductive manner, using the minimum of a priori assumptions, with the alternative
hypothetico-deductive approach, where the model form is based strongly on the prior assumptions and paradigms of the scientist and model builder. The Report then goes on
to consider the problem of modelling the global carbon cycle; a problem that has great
relevance in the current debate about global warming. Using the DBM approach, we
identify a simple stochastic diﬀerential equation model that includes a negative, temperature dependent, feedback eﬀect. This not only aﬀects the projected future levels
of atmospheric CO2 , but it also provides an important independent validation of the
signiﬁcance of the observed increases in global average temperature measured over the
last few decades and their eﬀects on the global carbon cycle: namely, the likely existence
of anthropogenically-induced global warming. The report continues by employing our
DBM model to generate hypothetical forecasts of future CO2 and Northern Hemisphere
temperatures to the end of the 22nd Century.
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Introduction

Natural systems are normally a complex assemblage of interacting physical, chemical,
and biological processes, many of which are inherently nonlinear, with considerable uncertainty about both their nature and their interconnections. It is surprising, therefore,
that stochastic dynamic models are the exception rather than the rule in research on natural systems. One reason for this anomaly lies in the very successful history of physical
science over the last century. Modelling in deterministic terms has permeated scientiﬁc
endeavour over this period and has led to a pattern of scientiﬁc investigation which is
heavily reductionist in nature. When applied within an environmental context, such deterministic reductionism appears to be guided by a belief that environmental systems can
be described very well, if not exactly, by deterministic mathematical equations based on
well known scientiﬁc laws, provided only that suﬃcient detail can be included to describe
all the physical processes that are perceived to be important by the scientists involved.
This leads inexorably to large, nonlinear models reﬂecting the scientist’s perception of
the environment as an exceedingly complex dynamic system.
Although such deterministic reductionism still dominates natural systems modelling,
there are some signs that attitudes may be changing. There is a growing realization
that, despite their superﬁcially rigorous scientiﬁc appearance, simulation models of the
natural systems based on deterministic concepts are more extensions of our mental models
and perceptions of the real world than necessarily accurate representations of the real
world itself. The recent revived interest in the ‘top-down’ approach to modelling in the
hydrological literature (e.g. Jothityangkoon et al.. 2001 and the references therein), for
instance, is a response to the relative failure of the alternative reductionist (‘bottom-up’)
philosophy in this area of study. Quite similar anti-reductionist views are also appearing
in other areas of science: for instance, in a recent lecture (Lawton, 2001), the current
Chief Executive of the U.K. Natural Environment Research Council (NERC) recounted
the virtues of the top-down approach to modelling ecological systems.
But such scepticism is not new. It has its parallels in the environmental (e.g. Beck,
1983; Young, 1978,1983) and ecosystems (e.g. see prior references cited in Silvert, 1993)
literature of the 1970s and early 1980s. Over this period, the present ﬁrst author’s
contributions were set within the context of ‘badly deﬁned’ environmental systems. This
poor deﬁnition arises because their behavioral mechanisms of are often poorly understood
and planned experiments, that might lead to improvements in such understanding, are
diﬃcult or even impossible to undertake. These early papers then went on to present
initial thoughts on an objective, statistical approach to modelling poorly deﬁned systems
on the basis of time series data that tried to avoid the dangers of placing too much
conﬁdence in prior perceptions about the nature of the model. In the subsequent period
since the earlier papers were published, however, he has sought to develop this statistical
approach within a more rigorous systems setting termed Data-Based Mechanistic (DBM)
modelling. This has led to the application of DBM modelling methods to time series data
obtained from monitoring exercises in a number of diﬀerent areas, from the environment,
through ecology and engineering to economics. And latterly, the second author has
successfully exploited the DBM modelling in the area of plant physiology (Jarvis et al.,
1999).
After outlining the main tenets of the DBM approach, the present Report discusses
two interpretations of continuous-time stochastic state space models in order to set the
scene for the modelling methods used in this Report. It then proceeds to outline the
identiﬁcation and estimation of a particular class of ‘state dependent parameter’ models
for nonlinear, stochastic, dynamic systems that are playing an increasingly important
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role in DBM modelling. Finally, an example based on the analysis of global climate
data is presented that illustrates the utility of these data-based modelling methods when
applied to real data.

2

Data-Based Mechanistic Modelling

The term ‘data-based mechanistic modelling’ was ﬁrst used in Young and Lees (1992)
but the basic concepts of this approach to modelling dynamic systems have developed
over many years. Previous publications, ranging from Beck and Young (1975) to Young
(1998a), as Reported in the latter paper, map the evolution of the DBM philosophy
and its methodological underpinning in considerable detail, and so it will suﬃce here
to merely outline the main aspects of the approach when suﬃcient time series data are
available2 .
1. Modelling Objectives The important ﬁrst step is to deﬁne the objectives of the
modelling exercise and to consider the type of model that is most appropriate to
meeting these objectives. Since DBM modelling requires adequate data if it is
to be completely successful, this stage also includes considerations of scale and
the data availability at this scale, particularly as they relate to the deﬁned modelling objectives. However, the prior assumptions about the form and structure
of this model are kept at a minimum in order to avoid the prejudicial imposition
of untested perceptions about the nature and complexity of the model needed to
meet the deﬁned objectives.
2. The Generic Model Form Based on the considerations in 1., an appropriate
model structure and order is identiﬁed by a process of statistical inference applied
directly to the time-series data and based initially on a given generic class of
linear, discrete or continuous-time, models whose parameters are allowed to vary
over time, if this seems necessary to satisfactorily explain the data.
3. Linear Model Identiﬁcation If the model is identiﬁed as predominantly linear
or piece-wise linear, then the constant parameters that characterize the identiﬁed
model structure in step 2. are estimated using advanced methods of statistical
estimation for dynamic systems. The methods used in the present Report are
based on optimal Instrumental Variable (IV) estimation algorithms (in particular,
the Reﬁned Instrumental Variable (RIV) algorithm3 : see Young, 1984) that provide
a robust approach to model identiﬁcation and estimation and have been well tested
in practical applications over many years.
4. Nonstationary and Nonlinear Model Identiﬁcation The idea that model
parameters may vary over the observation interval in order to reﬂect nonstationary aspects of the system under study is important to DBM modelling and has
been a research topic for many years in the systems (e.g. Lee, 1964; Young, 1969)
and statistical (e.g. Brown et al., 1975) literatures. If signiﬁcant model parameter
variation is detected over the observation interval, using these or other methods
then, in DBM modelling, the parameters are estimated by the application of an
2

an alternative DBM approach is utilized when data are scarce and simulation models are
the main medium of study (Young et al., 1996).
3
This is related to the IV algorithms used in Econometrics (e.g. Harvey, 1989) but is significantly diﬀerent in some important respects.
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approach to time variable or state dependent parameter estimation based on recursive ﬁxed interval smoothing (see later). Such parameter variation will tend to
reﬂect nonstationary and nonlinear aspects of the observed system behaviour. In
eﬀect, the ﬁxed interval smoothing algorithm provides a method of non-parametric
estimation, with the Time Variable Parameter (TVP) estimates deﬁning the nonparametric relationship. And, as we shall see, this relationship can often be interpreted in nonlinear State-Dependent Parameter (SDP) terms (see Young, 1978,
19844 , 1993; Priestley, 1988; Young and Beven, 1994; Young, 2000, 2001a,b,c; Lees,
2000).
5. Final Model Estimation If nonlinear phenomena have been detected and identiﬁed in stage 4, the non-parametric SDP relationships are normally parameterized
in a ﬁnite form and the resulting (normally constant) nonlinear model parameters
are estimated using some form of numerical optimization, such as nonlinear least
squares, prediction error minimization or Maximum Likelihood (ML) optimization.
6. Mechanistic Interpretation Regardless of whether the model is identiﬁed and
estimated in linear or nonlinear form, it is only accepted as a credible representation of the system if, in addition to explaining the data well, it also provides
a description that has direct relevance to the physical reality of the system under
study, at the scale of interest. This is a most important aspect of DBM modelling
and diﬀerentiates it from more classical ‘black-box’ modelling methodologies, such
as those associated with standard (Box-Jenkins) transfer functions, NARMAX5
representations, most unobserved component models; neural network and neurofuzzy models.
7. Predictive Validation Finally, the estimated model is tested in various ways to
ensure that it is conditionally valid. This can involve standard statistical diagnostic
tests for stochastic, dynamic models, including analysis which ensures that the
nonlinear eﬀects have been modelled adequately (e.g. Billings and Voon, 1986).
It also involves predictive validation, as well as exercises in stochastic uncertainty
and sensitivity analysis using Monte Carlo simulation methods.
In philosophical terms, DBM modelling can be diﬀerentiated most clearly from alternative deterministic, top-down methods by its ‘inductive’ approach to model synthesis.
Rather than basing the model development on an a priori assumed, conceptual model
form (the ‘hypothetico-deductive approach’: e.g. Popper, 1959), the DBM model structure is inferred directly from the observational data in relation to a more general class
of models (see Young, 2002a). Another important diﬀerence is its inherently stochastic
nature. This means that the uncertainty in the estimated model is always quantiﬁed
and this information can then be utilized in various ways. For instance, it allows for
the application of Monte Carlo-based uncertainty and sensitivity analysis, as well as the
use of the model in statistical forecasting and data assimilation algorithms, such as the
Kalman ﬁlter (Kalman, 1960; Kalman and Bucy, 1961) and its nonlinear relatives.
Finally, a most important aspect of DBM modelling arises from considerations that
derive from its origins in the development of models for use in control system design
(e.g. Ljung and Söderstrom, 1983; Young, 1984). This requires the identiﬁcation of
parametrically eﬃcient (parsimonious) models, as a way of avoiding the identiﬁability
problems that are associated with the estimation of over-parameterized models from
4
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Billings, 1985.
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limited time series data.6 . It must be stressed, however, that such problems arise mainly
from the speciﬁcation of the dynamic model order (in the present Report, the order
of the diﬀerential equations that are used to describe the system under study). So a
parsimonious model, in this important dynamic sense, is one that has a lowest dynamic
order that is consistent with the information content in the data and whose parameters
are statistically signiﬁcant. Typical model order identiﬁcation statistics that are useful
in this regard are the AIC and YIC criteria (see later).
Of course, the DBM model may well have other parameters that are not associated
primarily with the dynamic order of the model: for instance, coeﬃcients that parameterize any nonlinearity in the system. Here again, the presence of such parameters in the
model should be justiﬁed by whether or not they are statistically signiﬁcant. The statistical signiﬁcance of parameter estimates can be evaluated by conventional statistical
tests or, in these days of the fast digital computer, by Monte Carlo Simulation (MCS)
analysis (see e.g. Report 6 in Saltelli et al., 2000 and Report 7 in Beven, 2000b). Such
MCS analysis is very useful for assessing the uncertainty associated with ‘derived’, physically interpretable parameters that are computed from the estimated model parameters,
rather than being estimated directly (Young, 1999a). In the context of the later global
climate example, for instance, these include parameters such as decay rates, steady state
gains and time constants (residence times).

3

Continuous-Time State Dependent Parameter Models of Physical Systems

In this Report, continuous-time, stochastic, state space descriptions are considered from
two standpoints. First, as we see below, state equations can provide a description of a
dynamic system that has speciﬁed physical signiﬁcance. This is the way Kalman (1960)
and Kalman and Bucy (1961) viewed the stochastic state space in their seminal work on
state estimation and ﬁlter theory. Second, the state space description can be exploited
within parameter estimation context, to describe a certain class of ‘unobserved components’ model, where the unobserved components are not necessarily ‘state variables’,
in the normal sense, but stochastic time variable or state-dependent parameters that
characterize a nonstationary or nonlinear time series model. Here, the model normally
appears not in the state equations themselves but in the associated observation equation
(e.g. Mayne, 1963; West and Harrison, 1989; Harvey, 1989; Durbin and Koopman, 2001).

3.1

The Stochastic State Space Model I: State Estimation and
the Transfer Function Model

Considering the ﬁrst of the above formulations, a linear stochastic State Space (SS) model
of a physical system can be written in the form of the following, ﬁrst order, vector-matrix
diﬀerential equation:
dx(t)
= Ax(t) + Bu(t) + η(t)
dt
y(t) = Cx(t) + ξ(t)

(1a)
(1b)

6
Such identiﬁability problems can arise either because the inputs to the system are not
‘persistently exciting’ (see references above) or because the model is of too high a dynamic
order. This leads to ambiguity, with numerous diﬀerent plausible parameter sets providing an
equally good explanation of the data (i.e latterly also termed ‘equiﬁnality’ by Beven, 2000a,b).
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where x(t) = [x1 (t) x2 (t) . . . xn (t)]T is an n dimensional state vector, whose elements usually have direct physical signiﬁcance but are not often all measurable; u(t) = [u1 (t) u2 (t) . . . um (t)]T
is an m dimensional, deterministic (i.e. exactly known or measurable) input vector;
y(t) = [y1 (t) y2 (t) . . . yp (t)]T is a p dimensional output vector representing the physical
measurements that can be made on the system; η(t) is a n dimensional stochastic input disturbance vector; and ξ(t) is a p dimensional stochastic noise vector. These two
stochastic inputs are assumed to be vectors, each composed of zero mean, white noise
variables that may be instantaneously correlated with each other. However, normally
(although this is not essential) η(t) and ξ(t) are assumed to be completely independent.
In other words:
T

η(t) = [η1 (t), η2 (t), . . . ηn (t)] ;

T

ξ(t) = [ξ1 (t), ξ2 (t), . . . ξp (t)] ;

cov{η(t)η(τ ))} = E{η(t)η T (τ ))} = Qδ(t − τ );
cov{ξ(t)ξ(τ )} = E{ξ(t)ξ T (τ )} = Rδ(t − τ )
cov{η(t)ξ(τ )} = E{η(t)ξ T (τ )} = 0 ∀ t, τ
where δ(t − τ ) is the Dirac delta function. Finally, the matrices A, B and C are appropriately dimensioned matrices with real coeﬃcients (see later).
One advantage of a continuous-time state space description, such as (1a,b), is that
such a model often results naturally when modelling physical systems using physical
concepts such as mass, energy or momentum conservation. In this situation, the nature
of A and B in (1a), as well as the parameters that characterize them, will be speciﬁed by
the nature of the physical system. In parametric terms, however, it is not a very eﬃcient
representation of a linear dynamical system. Moreover it is not a unique representation:
there are an inﬁnite number of state space realizations that can be associated with
any speciﬁed input-output relationship (e.g. Isermann, 1989). A much more eﬃcient
and unique representation in this sense is the multi-order diﬀerential equation, or its
equivalent the Transfer Function (TF) description in the Observation Space (OS): i.e.
the space of the measured variables y(t) and u(t).
In order to derive this OS description from the SS description (1a,b), let us consider
the scalar, Single-Input, Single-Output (SIS0) case where u(t) = u(t) and y(t) = y(t);
and then deﬁne the model in the ‘observable’ or ‘observer’ canonical form (e.g. Iserman,
1989), where:




−a1 1
0 ... 1
b1
 −a2 0

1 ... 0 



 B = b =  b2 
.
.
.
.
.
.
.
.. ...
A = 
(2)


 ... 
 ...
0
0
0 1 
bn
−an 0
0
0 0
C = cT = [1 0 . . . 0]
Note that, although there are n2 + 2n elements in this canonical form, only 2n are non
trivial (i.e. neither zero or unity) and need to be estimated. These are, as we shall see,
the parameters of the TF description.
Now, if we introduce the derivative operator s = d/dt, then the equations (1a,b) can
be written in the form,
x(t)

=

−1

[sI − A]
T

−1

b u(t − τ ) + [sI − A]

y(t) = c x(t) + ξ(t)

η(t)

(3a)
(3b)

State Dependent Parameter Estimation

7

Here, τ has been introduced into the deﬁnition u(t − τ ) to account for the kind of pure
time delay that often occurs between the input u(t) and the output y(t) in real systems.
With the deﬁnitions above, it is easy to compute the following input-output model from
(3a,b):
y(t)

=

ζ(t)

=

B(s)
u(t − τ ) + ζ(t);
A(s)
C(s)
η(t) + ξ(t)
A(s)

(4a)
(4b)

where,
A(s) = sn + a1 sn−1 + . . . + an
B(s) = b1 sn−1 + . . . + bn
C(s) = c1 sn−1 + . . . + cn

(5)

and the ratios of these polynomials appearing in (4a,b) are the ‘transfer functions’ in the
derivative operator s. Multiplying throughout by A(s) we obtain,
A(s)y(t) = B(s)u(t − τ ) + C(s)η(t) + A(s)ξ(t)
or, on substitution from (5) and expansion,
sn y(t) + a1 sn−1 y(t) + . . . + an y(t) = b1 sn−1 u(t − τ ) + . . . + bn u(t − τ ) + µ(t)

(6)

where the stochastic variable µ(t) is deﬁned as follows in terms of η(t) and ξ(t),
µ(t) = c1 sn−1 η(t) + . . . + cn η(t) + sn ξ(t) + a1 sn−1 ξ(t) + . . . + an ξ(t)

(7)

And ﬁnally, converting back from this s operator form to the diﬀerential equation form,
equation (6) becomes:
dn y(t)
dn−1 y(t)
dn−1 u(t − τ )
+
a
+
·
·
·
+
a
y(t)
=
b
+ · · · + bn u(t − τ ) + µ(t)
1
n
1
dtn
dtn−1
dtn−1

(8)

We see, therefore, that in the case of a SISO system, this familiar multi-order diﬀerential
equation is a parametrically eﬃcient representation of the state space system (1a,b) in
the observation space; and that an alternative observation space representation of this
model is the transfer function description (4a,b). A simple example of these model forms
provides the starting point for the practical example considered later in section 4.

3.2

The Stochastic State Space Model II: Estimation of Nonstationary and Nonlinear Systems

The TF model (4a,b) represents a continuous-time, linear system with time-invariant parameters. The estimation of these parameters from sampled input-output data represents
an ‘error-in-variables’ problem (e.g. Durbin, 1954) and it has has been the subject of
much research over many years (see e.g. Young, 1981; Sinha and Rao, 1991 and references
in the example below). In this Report, however, we consider the more diﬃcult problem
where the parameters may vary over time, either directly or because they are varying as
a function of other variables or states. The second type of stochastic state space model
considered here is formulated speciﬁcally to allow for the estimation of such time variable or state dependent parameter models. Here, the observation equation (equation (1b)
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of the previous section) normally assumes the role of the system model; and the state
equations are used to describe any stochastic time variable or state dependent parameters characterizing this model. Often, however, this state space formulation is carried
out in continuous/discrete (continuous-time model, discrete-time observations) or purely
discrete-time terms, since this is more straightforward in theoretical and practical terms.
The estimation of TVP models formulated in the above manner goes back a long
way to research in the nineteen sixties (e.g. Mayne, 1963; Lee, 1964; Young, 1969a,
1970) based on the use of the Kalman ﬁlter or other recursive ‘ﬁltering’ algorithms. The
exploitation of recursive Fixed Interval Smoothing (FIS) for ‘oﬀ-line’ TVP estimation
follows from the early development of FIS algorithms (see e.g Rauch et al., 1965; Bryson
and Ho, 1969). Since then, there has been a great deal of research and development
on this oﬀ-line FIS approach, with contributions from Norton (1976); Harrison and his
co-workers (e.g. West and Harrison, 1989 and the prior references therein), Harvey (e.g.
1984, 1989); Young (1984, 1988); Durbin and Koopman (2001); and many others.
A recent paper (Young, 1999b) has discussed in detail the recursive estimation of
slowly time variable parameters in the Dynamic AutoRegressive eXogenous variables
(DARX) transfer function model, the time invariant (ARX) version of which can be
estimated using linear least squares methods (e.g. Ljung and Söderstrom, 1983). Here
the variation is ‘slow’ in comparison with the variation of the system variables (input,
output and states) in the model. TVP models of this type can describe a wide range of
nonstationary dynamic behaviour but they are not able to characterize true nonlinear
dynamics. For this reason, there has been much interest during the last few years in
the development of statistically-based methods for modelling true nonlinear stochastic
systems. Granger and Teräsvirta (1993), for instance, reviewed the state-of-the-art in
this area of study at that time and described numerous non-parametric, semi-parametric
and parametric approaches, including neural network models. And the recent book
by Durbin and Koopman (2001) nicely presents the TVP estimation methodology in
the context of later developments in nonlinear model estimation based on numerically
intensive methods, formulated from either classical or Bayesian perspectives.
Currently, there is much interest in the exploitation of numerically intensive methods in
the modelling of nonlinear stochastic systems, much of it deriving from Bayesian concepts.
Contributions of this type are derived in relation to a particular area of application,
although they nearly always have wider application potential. For instance, there is
enormous current interest in ﬁnancial modelling7 that often relates to nonlinear models
of stochastic volatility (e.g. Shephard, 1995); while engineers requiring true, on-line
implementation have developed methods such as ‘particle ﬁltering’ (e.g. Gordon et al.,
2000) that provide nonlinear extensions to Kalman ﬁltering and prediction. Of course,
such particle ﬁlters are not only used for on-line applications in engineering: for instance
Rydberg and Shephard (2000) develop a particle ﬁlter for stock exchange behaviour. And
they, or related approaches, have been developed and used in areas such as geophysics,
where Kitagawa (e.g. 1996 and the references therein) has made numerous important
contributions over many years, most of which are applicable to a wide variety of systems
in other areas of study.
Most often, the numerically intensive approaches to nonlinear modelling assume that
non-Gaussianity enters, at least in part, through non-Gaussian probability distributions
that are assumed to characterize the stochastic inputs to the models. The present author and his colleagues (Young, 1993, 1998b, 2000, 2001a,b,c; Young et al., 2002) have
pursued a rather diﬀerent strategy which assumes that these stochastic inputs are Gaussian in nature and that non-normality in the measured output variables derives from the
7

of course not all of this research exploits numerically intensive methods
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nonlinear mechanisms within the model itself. For this class of nonlinear system, the
standard TVP estimation methods can be extended to handle stochastic models whose
parameters are functions of the system variables, and so vary at a rate commensurate
with these variables: normally the state variables. As a result, these State Dependent
Parameter (SDP) models, which derive originally from earlier work by Young (1978) and
Priestley (1988), can characterize dynamic systems that behave in a heavily nonlinear or
even chaotic manner and yield output variables with probability distributions that are
very far from normality.
Most of the examples discussed in the above references on SDP estimation have been
concerned with discrete-time, sampled data systems. In this Report, however, we concentrate on the SDP version of the continuous-time model (4a), which takes the form:
y(t) =

B(s, z(t))
u(t − τ ) + ζ(t)
A(s, z(t))

(9a)

where z(t) = [z1 (t)z2 (t) . . . z2n (t)] is the vector of variables on which the parameters are
dependent; while A(s, z(t)) and B(s, z(t)) are the following state dependent polynomials
in the derivative operator s:
A(s, z(t)))
B(s, z(t))

= sn + a1 {z1 (t)}sn−1 + a2 {z2 (t)}sn−2 + · · · + an {zn (t)}
= b1 {zn+1 (t)}sm−1 + b2 {zn+2 (t)}sm−2 + · · · + bm {z2n (t)}.

(9b)

In general, ζ(t) will be a complex, nonlinear stochastic noise variable representing that
part of the output y(t) that cannot be explained by the input u(t). However, consider
initially the simpler situation where,
ζ(t) =

1
e(t)
A(s, z(t))

(9c)

and e(t) is a zero mean, white noise process, with variance σ 2 . This State Dependent
ARX (SDARX) model is then the continuous-time SDP equivalent of the time variable
parameter DARX model mentioned above.
From a parameter estimation standpoint, the TF model (9a), with ζ(t) deﬁned by
(9c), can be written in the sampled form:
(sn y)t = zTt pt + et

et = N(0, σ 2 );

t = 1, 2, . . . N

where, N is the total sample size and,

zTt = −(sn−1 y)t − (sn−2 y)t · · · − yt (sn−1 u)t−δ · · · ut−δ−m
T
pt = [ p1 (z1,t ) p2 (z2,t ) · · · p2n (z2n,t ) ]

(10a)

(10b)

while δ is the pure time delay τ measured to the nearest integral number of sampling
intervals. The elements of parameter vector pt are deﬁned as follows in relation to the
TF model parameters in (9b):
p1 (z1,t ) = a1 (z1,t ); p2 (z2,t ) = a2 (z2,t ), · · · , p2n (z2n,t ) = b2n (z2n,t )
Here, the nomenclature (si y)t and (sj u)t , i, j = 1, 2, . . . n, denotes the sampled values of
the derivatives of y and u at the tth sampling instant; and et is the assumed discrete-time
white noise associated with the measurement of (sn y)t .
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The main problem with this continuous-time model formulation from a parameter
estimation standpoint is its requirement for sampled measurements of the input and
output time derivatives,
(si y)t =

di y(t)
dti

, i = 1, 2, ..., n;

sj u

t

t−δ

=

dj u(t − δ)
dtj

, j = 1, 2, ..., n
t

which are not usually available directly and cannot be computed easily because of the
high frequency noise ampliﬁcation associated with diﬀerentiation. This problem is not
too severe in the case of linear, constant parameter TF models and was solved many
years ago by the introduction of ‘state variable ﬁlters’ (see previous references and the
later example), but it presents more diﬃculties in the present nonlinear context.
The recursive approach to the time derivative estimation problem used in the later
example (Young, et al., 1993; Young, 1993) is again based on FIS estimation. The
variable in question is modelled as a multiple diﬀerentiation process in continuous-time
and then converted to the discrete-time equivalent of this process. The time derivatives
of the variable at the sampling instants are then recovered as the FIS estimated states of
this model, with the smoothing operations solving the problem of derivative estimation,
at least for reasonable noise levels. In the simplest, single derivative case used in the
example discussed later, for instance, this takes the form of an integrated random walk
process8 with its parameter deﬁned by the sampling interval, ∆t. This process could be
formulated more accurately in continuous-time terms but the discrete-time formulation
works quite well, as we shall see in the later example. Note that this direct estimation
of time derivatives is only used in the ﬁrst, non-parametric identiﬁcation stage of SDP
estimation: it is not required in the ﬁnal parametric estimation stage described below.

3.3

Final Parametric Estimation

Within DBM modelling, non-parametric SDP modelling normally provides a method for
identifying the presence and location of nonlinearities in the SDARX model (or the more
general transfer function model with coloured residuals: see Young, 2000, 2001a). In this
manner, it serves as a prelude to the parameterization of the ﬁnal nonlinear stochastic
model and the more eﬃcient estimation of the (normally constant) parameters that
characterize this nonlinear model. Such estimation can be based on various approaches
to model optimization, from nonlinear least squares, through maximum likelihood to the
latest Monte Carlo-based methods of Bayesian estimation. But the methodology used
in any particular application will normally depend on the nature of the system under
study, the modelling objectives, and the scientiﬁc background of the model builder. In
the example described in the next section, we exploit maximum likelihood based on
prediction error minimization but, in other applications (e.g. Young, 2000), we have
converted the SDP transfer function model into a canonical state space form and used
the maximum likelihood method based on prediction error decomposition (Schweppe,
1965; Harvey, 1989).

4

A DBM Model of Global Carbon Cycle Dynamics

The DBM modelling philosophy and the associated SDP estimation methodology have
been applied successfully to a number of simulated and real systems (e.g. Young, 1993,
8

this is the irwsm algorithm in the CAPTAIN Toolbox: see Conclusions section.
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1998b, 2000, 2001ab, 2002; Young and Beven, 1994; Young and Pedregal, 1999; Price
et al., 1999; Jarvis et al., 1999). The present example is based on the analysis of global
average climate data. One novelty of this example, in time series analysis terms, is
that it concentrates on modelling in terms of continuous-time diﬀerential equations, as
discussed above, rather than the discrete-time models preferred by most statisticians
and time series analysts. As we shall see, this considerably aids the process of DBM
modelling because it is much easier to interpret the estimated model in a physically
meaningful manner.

4.1

Atmospheric CO2 and Global Climate Change

This example provides the technical background to a short paper by Jarvis and Young
(2002). It investigates the dynamic relationship, over the period 1856 to 2000, between
globally averaged annual measures of CO2 emissions (arising from both the use of carbon
fuels and land-use changes); atmospheric CO2 ; and the Northern Hemisphere temperature anomaly. In particular, it reveals the possible presence of a temperature-dependent
nonlinearity in the dynamic relationship between CO2 emissions and atmospheric CO2
that has an interesting and potentially important physical interpretation.
Figure 1 presents the data used in the analysis and shows that there are clear increases
in all three variables over the period from 1856 to the end of the last century. The normal
statistical procedure would be either to reduce the series to stationarity in some manner
(e.g. by diﬀerencing); or consider each series as the sum of unobserved components (e.g.
as trends and the perturbations about these trends, perhaps with relationships between
these trends, as in the ‘cointegration’ models used by econometricians: see e.g. Harvey,
1989; Stern and Kauﬀman, 2000). But the climate data have a clear physical meaning
and we can be reasonably sure that the increase in the levels of atmospheric pCO2 are
the result of the increases in emissions. In other words, there is an obvious input-output
relationship, with the nonstationarity in the input giving rise to nonstationarity in the
output. What is much less certain, however, is that the rise in the level of the atmospheric
pCO2 is, in turn, leading to the observed increase in the temperature anomaly.
With these factors in mind, we will analyze the data directly in the form shown in
Figure 1. For this analysis, the input CO2 emissions, the output atmospheric pCO2
perturbations about the assumed pre-industrial level (see caption to Figure 1), and the
temperature anomaly will be denoted by u(t), y(t) and T (t), respectively.

4.1.1

Linear model identiﬁcation and estimation

The RIVC method for continuous-time transfer function identiﬁcation9 (see Young and
Jakeman, 1980; Young, 2002b) identiﬁes a number of linear, constant parameter, ﬁrst
order models that have good identiﬁcation and estimation statistics; i.e. coeﬃcients of
determination based on the simulated output RT2 greater than 0.99 (i.e. the simulated
output of the model explains > 99% of the pCO2 variance), together with well deﬁned,
low standard error parameter estimates and, hence, a satisfactory YIC criterion (Young,
1989). However, all higher order models are rejected, either because the do not satisfy
these statistical criteria or because they are not satisfactory in dynamic terms (e.g. they
have unstable or imaginary eigenvalues).
However, two important factors emerge from this analysis: ﬁrst, it is necessary to add
a small additional constant input to obtain a good explanation of the y(t) series (see
9

the rivcid tool in the CAPTAIN Toolbox.
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Figure 1. Annual carbon dioxide and temperature anomaly data 1856-2000. Upper
panel, perturbations in atmospheric CO2 , (measured as partial pressure, pCO2 , relative
to standard pressure, in pascals, pa) about an assumed pre-industrial level of 28 pa;
middle panel, anthropogenic CO2 emissions arising from fossil fuel usage and land use
change (Gt y −1 ); lower panel, Northern Hemisphere average temperature anomaly
(◦ C). The vertical dash-dot line marks the boundary between model estimation
(1856-1975) and predictive validation (1976-2000) data (see text). All series are derived
from data available at http://cdiac.esd.ornl.gov/.

below); second, there is a less well deﬁned pure time delay of about 5 years. In other
words, this initial analysis suggests a model of the form:
dx(t)
= a1 x(t) + b0 u(t − τ ) + c
dt
y(t) = x(t) + ξ(t)

(11a)
(11b)

where x(t) is the underlying, ‘noise-free’ pCO2 perturbation; τ is the pure time delay;
ξ(t) is the residual coloured noise at the output of the model, with zero mean value
and variance σξ2 ; and c is the additional constant input. The addition of c makes sense
physically because it will correct for any small inaccuracy in the either assumed preindustrial level of pCO2 that has been removed from the pCO2 data (see caption to
Figure 1) or the CO2 emissions.
In order to obtain an improved, possibly non-integral, estimate of the time delay, the
model (11a) was estimated using the leastsq optimization tool in MatlabT M , with the
model simulated in SimulinkT M , using the linsim tool. All integrations of the model used
in this optimization were initiated from the measured y(0), since separate optimization
of the initial condition had little eﬀect on the estimates. Also, in order to allow for colour
in the residuals ξ(t), they were modelled as a discrete-time AutoRegressive (AR) process,
i.e.,
ξt =

1
et
1 + d1 L + ... + dn Ln

(11c)
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where ξt = ξ(ti ) and et = e(ti ) are, respectively, ξ(t) and e(t) sampled at the annual
sample times ti , i = 1, 2, ..., N , and N is the sample size. The sampled stochastic model
residuals et are assumed to be a zero mean sequence of serially uncorrelated random
variables with variance σ 2 (discrete white noise). This ‘hybrid’ approach to modelling
was used because the discrete-time stochastic model (11c) is easier to handle within the
optimization (and in theory). In any case, the noise model estimation makes only a small
diﬀerence to the ﬁnal estimated parameter values (although it does aﬀect their estimated
uncertainty) because the residual noise variance is so small.
Parameter estimation was based on optimization of the following least squares ‘prediction error minimization’ cost function (equivalent to maximum likelihood optimization
under the assumption of normally distributed errors) with respect to the unknown parameters:
t=N

T
J{θ} =
ê2t
;
θ = [a1 b0 c d1 d2 ... dn τ ]
t=1

where êt are the stochastic model residuals (one-year-ahead prediction errors) at the
annual sampling interval. The estimated parameters in the most important continuoustime part of the model, based initially on the whole data set (N = 145) are as follows:
â1 = −0.0167(0.0009);

b̂0 = 0.0371(0.0009);

τ̂ = 5.0(0.389);

σξ2 = 0.0041;

ĉ = 0.0114(0.0006);

σ 2 = 0.0004

where the ﬁgures in parentheses here and elsewhere are the standard errors on the estimates. The noise model (11c) is identiﬁed as either an AR(8) or ARMA(2,2) process,
with the ﬁnal residuals et showing no signiﬁcant auto-correlation and no cross-correlation
with the input ut (the annual samples of the input CO2 emissions). However, the residuals ξˆt = yt − x̂t are signiﬁcantly correlated with the temperature Tt for all lags between
4 and 22 years and a maximum correlation coeﬃcient of 0.4 (0.17) at a lag of 10 years.
Moreover, recursive FIS estimation of the local cross correlation is much larger than this
at high values of Tt . The model has a coeﬃcient of determination based on the simulated
deterministic model residuals ξˆt of RT2 = 0.9991; while the more conventional coeﬃcient
of determination based on êt is R2 = 0.9999. This is, of course, important in the present
context since it means that the main diﬀerential equation which, as we shall see later
has physical signiﬁcance, is explaining the measured output of the dynamic system very
well indeed.

4.1.2

Nonlinear model identiﬁcation and estimation

Despite the apparently very good results obtained in linear modelling, the high correlation of the residuals ξˆt with the temperature anomaly Tt suggests that there may be a
temperature dependent component in the model residuals that is capable of being absorbed within the model and so improving its descriptive ability still further. This is
indeed the case: SDP non-parametric estimation suggests strongly that, while the input
parameter b0 is constant, the parameter estimate â1 appears to vary as a function of
temperature anomaly Tt . This SDP estimate â1 , plotted in the left hand panel of Figure
2, suggests that the parameter value is reducing as the temperature increases, although
there is a tendency for the variations to ‘ﬂatten out’ at the lower and upper extremes of
the temperature anomaly range. But we must remember that these are non-parametric
estimates and tend to be more poorly deﬁned in these regions because of end eﬀects and
the paucity of data in these regions.

State (Temperature) Dependent Parameter
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Figure 2. Initial, non-parametric SDP estimate (dash-dot line) and standard error
bounds (dots) compared with the parametric model estimates: linear change with
temperature (left panel); sigmoidal change with temperature (right panel). These
temperature dependent variations can be compared with the linear model parameter
value of â1 = −0.0167.

In order to investigate this problem in a statistically more eﬃcient parametric manner,
several diﬀerent parameterizations of the temperature dependency suggested in Figure
2 were tried, including polynomial, radial basis function and an exponential decline.
However, the best results were obtained with either simple linear (ﬁrst order polynomial)
or sigmoidal laws. In other words, the ﬁnally identiﬁed nonlinear model takes either of
the following forms:
dx(t)
= {α + βT (t)}x(t) + b0 u(t − τ ) + c
dt
y(t) = x(t) + ξ(t)

(12a)
(12b)

or,
dx(t)
1
(γ − α)}x(t) + b0 u(t − τ ) + c
= {α +
dt
1 + e−βT (t)
y(t) = x(t) + ξ(t)

(12c)
(12d)

In the case of (12a,b), which is the model we shall consider further below, the estimated
parameters, again based initially on the whole data set (N = 145), are as follows10 :
α̂ = −0.0181(0.0016);
c = 0.0069(0.0014);
10

β̂ = −0.0092(0.0021);
τ̂ = 5.0;

b̂0 = 0.0402(0.0017);

σξ2 = 0.0025;

σ 2 = 0.0006

These results were obtained with a ﬁxed τ = 5: however, this was based on prior estimation
with τ allowed to take on non integral values.
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R2 = 0.9999

where the AIC (Akaike, 1974) again identiﬁes an AR(8) or ARMA(2,2) model for the
noise ξt . As before, the ﬁnal model residuals et show no signiﬁcant auto-correlation and
no cross-correlation with the input ut ; but now ξˆt also shows no signiﬁcant correlation
with Tt , as required. Bearing on our earlier discussion, note that the estimate of c is
signiﬁcant but very small, as anticipated
The linear-in-temperature law obtained in the above estimation is shown as the full
line in the left hand panel of Figure 2 and we see that it coincides well with the nonparametric SDP estimate. The right hand panel in Figure 2 shows the results obtained
with the best competing sigmoidal model (12c,d). This was investigated to allow for any
possible ﬂattening out of the relationship at higher levels of the temperature anomaly
(see earlier discussion) which would have most eﬀect on long-term model predictions.
However, there is only a minor eﬀect of this type. Also, despite its additional parameter,
this model explains the data virtually the same as (12a,b) and two of its parameters are
more poorly deﬁned statistically (particularly β). So, it is sensible on parsimony grounds
to proceed with the simpler model (12a,b).

4.1.3

Predictive validation

In order to investigate the predictive capacity of (12a,b), it is re-estimated on the basis of
the estimation data set alone (i.e. only the ﬁrst 120 annual samples up to 1975) and then
its performance is evaluated by forecasting the perturbational pCO2 variations over the
last 25 years of the 20th Century, without any re-estimation of the parameters over this
period. To make this exercise more demanding, the model integrations are initiated in
1856, with the initial condition for the integrations set to the value of y(0) = 0.6523 pa on
this date and with no reference to the actual y(t) measurements at all after this. In other
words, the forecast is based on a straightforward Monte Carlo simulation of the nonlinear
model from this initial condition using only the measured CO2 emissions and temperature
anomaly as inputs to the model. This MCS analysis is based on the estimated covariance
matrix of the model parameters and involves 1000 random realizations of the model. The
results are shown in Figure 3, where we see that the y(t) variations are predicted very
well indeed (RT2 = 0.9993, only a little worse than obtained from model estimation based
on all 145 samples) and the MCS estimated conﬁdence region is small. For comparison,
the sigmoidal model (12c,d) performed about the same in predictive validation terms;
while the linear model (11a,b) was signiﬁcantly worse, with RT2 = 0.9985.
It is possible to go further in evaluating the adequacy of the model by recognizing
that equation (12a) represents a state dependent system with negative feedback of the
temperature T (t). Consequently, if the relationship between y(t) and T (t) is identiﬁed,
then the model’s predictive ability can be assessed using only the emissions input u(t).
As an initial illustration of this, a simple, linear, continuous-time transfer function model
between y(t) and T (t) is estimated, again using the rivcid tool in the CAPTAIN Toolbox.
The resulting model takes the form:
dz(t)
dt
Tt

= a1 z(t) + b0 {y(t) − ȳ}

(13a)

= z(t) + η(t)

(13b)

where ȳ is the mean value of y(t) (subtracted from y(t) so that the input is a perturbational series like the output temperature anomaly series, T(t)); z(t) is the underlying
‘noise-free’ temperature anomaly; ηt is an AR(9) process and the estimates of the two
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Figure 3. Monte Carlo Simulation and predictive validation results with all predictions
based on simulation from initial conditions in 1856, using the model based on the ﬁrst
120 samples to 1975: perturbations in atmospheric pCO2 about the assumed
pre-industrial level (dashed line); deterministic simulation and MCS median prediction
(full line); 5%-95% percentile bounds (dotted lines). The error between the simulated
and measured pCO2 is shown in the top panel at a smaller scale, also with dotted
5%-95% percentile bounds.

parameters are:
â1 = 0.0514(0.009); b̂0 = 0.0080(0.001)
It must be stressed that we are not claiming that this is necessarily a good model for the
eﬀects of the perturbations in pCO2 on global energy balance: its descriptive ability is
too limited in this regard (RT2 = 0.56; R2 = 0.72) and a more detailed analysis of this
relationship is required11 . Rather it is being used here merely for illustrative purposes
and to ensure that the scaling between y(t) and T (t) is of the correct order to ensure
that the simulation of the complete feedback system makes reasonable sense. Even with
these limitations, however, the complete model (i.e. (12a,b) with T (t) deﬁned internally
within the model by (13a,b)) is able to predict the pCO2 very well over the historical
period, as shown in Figure 4, with RT2 = 0.9992. The associated median estimate of
T (t), together with its 5% − 95% percentile bounds, is compared with the measured T (t)
in the lower panel of this ﬁgure.

4.1.4

Physical interpretation

Most conventional models of the Global Carbon Cycle (GCC) are based on a reductionist,
‘bottom up’ approach and take the form of high order deterministic diﬀerential equations
(see e.g., Joos et al., 1999). A typical example is the Enting-Lassey (EL) model of the
GCC (Enting and Lassey, 1993), which consists of 23 coupled, nonlinear diﬀerential equations and represents a good example of the hypothetico-deductive approach to modelling.
11

This is a current area of research for both authors.
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Figure 4. Monte Carlo Simulation (MCS) with internally generated, stochastic
temperature feedback from 1864, using the complete nonlinear model based on the full
145 samples. Upper panel: perturbations in atmospheric pCO2 (dashed line); MCS
median prediction (full line). Lower Panel: temperature anomaly (dashed line); MCS
median prediction (full line). The 5%-95% percentile bounds are shown as dotted lines
in both panels.

At ﬁrst sight, the contrast between this complex, high order model and the identiﬁed
ﬁrst order, stochastic models (12a,b) and (12c,d) is considerable. However, Young et al.
(1996) have shown that the dynamic behaviour of the high order EL simulation model
can be represented, almost completely, by a diﬀerential equation of only fourth order.
The reason for this is that the observable dynamics of high order dynamic systems are
almost always deﬁned by the ‘dominant modes’ of the system, which are normally few in
number. And it is, of course, only these observable dynamics that are identiﬁable from
the measured data. As a result, we should not be too surprised that the models identiﬁed
in this Report are so simple, particularly since they are based on globally averaged data.
In eﬀect, the global averaging ensures that the data represent the aggregative eﬀects of
all the relevant behaviour within the GCC and, as we can see from the data in Figure
1, the variations in the CO2 emissions and the atmospheric pCO2 are not particularly
complicated as a result.
Given that the model (12a,b) has been estimated from global scale emissions and atmospheric pCO2 perturbation data, it seems appropriate to interpret this model in terms
of the mixing dynamics of anthropogenic CO2 emissions within the active elements of the
Global Carbon Cycle (GCC). We commence by assuming that variations in atmospheric
pCO2 are proportional to variations in the concentration of carbon in these active elements. Then, a perturbational representation of this single mixing unit may be given by
the following mass balance (see Appendix),
wvdy (t)
= u (t − τ ) − w {k0 + mT (t)} y (t)
dt

(14)

Here, k0 is the initial value of the ﬁrst order loss constant k at T (t) = 0; m is the
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sensitivity of this loss constant to T (t); w is the proportionality between variations in the
well mixed CO2 concentration and the atmospheric pCO2 ; and v is the eﬀective volume
actively involved in the mixing of anthropogenic CO2 (the ‘active mixing volume’: see
Young and Lees, 1992) such that wvy(t) is the mass of anthropogenic CO2 within this
well mixed compartment.
The pure time delay τ signiﬁes a ﬁve year delay before the emissions signiﬁcantly
impact on the state of anthropogenic CO2 in the system. Given the relatively well
mixed state of the atmosphere, and that emissions are into the atmosphere, it is hard
to conceive how this delay could arise from pure advection prior to emergence within
the atmospheric compartment of the GCC. Therefore, a more plausible explanation is
obtained by considering the nature of the emissions exciting the observed perturbations
in pCO2 . In particular, given the trend-like nature of these inputs, uncertainties over
the time period between input and eﬀect are likely to arise, especially since the 5 year
pure time delay is small relative to the identiﬁed time constant of the system, which is
given by v/k0 = 55.5 (48.4, 64.9) years at T = 0 ◦ C, where the ﬁgures in parentheses
are 5th and 95th percentiles for this non-Gaussian derived parameter. In addition, the
identiﬁcation of pure time delays within aggregated systems, such as the GCC, may be
indicative of the presence of poorly deﬁned higher order dynamic behaviour (see Young,
2001b)12 .
Having introduced the mechanistic counterpart to the identiﬁed data-based model,
we are in a position to equate the remaining parameters between (12a) and (14) and
evaluate some of the physical properties of the identiﬁed system. This yields the following
estimates:
wv = 24.90 (1.08) Gt pa−1 ; wk0 = 0.45 (0.022) Gt y −1 pa−1
and

wm = 0.228 (0.05) Gt y −1 pa−1 ◦ C −1

In order to compare these results with published work, we start by estimating the total
mass of CO2 in the identiﬁed mixing system in 1980, which is given by 33.85mv or
842.9(30.2)Gt. This ﬁgure is close to, but signiﬁcantly larger in statistical terms than,
quoted ﬁgures for the mass of CO2 in the atmosphere alone in 1980, which is given as 730
Gt (Farquhar et al., 2001). This would indicate that, although the global scale mixing
dynamics of anthropogenic CO2 , as observed in measurements of atmospheric pCO2 ,
are dominated by the eﬀects of the atmospheric reservoir, approximately 15% of the
mixing mass is contributed by some other components of the GCC. Likely candidates are
the surface ocean and terrestrial carbon reservoirs (Harvey 2000). However, theoretical
estimates of the mass of carbon in these two reservoirs, in 1980, are put at around
2500Gt (Farquhar et al., 2001). This suggests that, contrary to current understanding,
large fractions of the terrestrial and surface oceanic carbon reservoirs are eﬀectively ‘dead
zones’ that have played no signiﬁcant role in the observed mixing process to date, and
instead may have behaved as sinks for anthropogenic CO2 over this period.
These conﬂicts are further illustrated by consideration of the non-conservative nature
of (14), as revealed by the fact that there is no integrator in the model (the steady state
−1
gain is ﬁnite at 2.2 (2.1, 2.4) pa (Gty −1 ) ). By contrast, simulation models of the GCC
invariably contain conservative elements (see e.g. Enting and Lassey 1993; Joos et al.,
12

note that for completeness, any losses of CO2 from the system during the pure time delay,
as well as the eﬀects of the oﬀset c, should be taken into account (see Appendix). They are
omitted here to make the analysis more transparent
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1999). Again, this discrepancy may result from the limitations of the 145 year observation
interval relative to the timescale for accumulation of anthropogenic carbon within the
GCC as a whole. However, dominant mode analysis of these simulation models would
suggest that, if such conservative behaviour were present in the form being speciﬁed,
then it should be identiﬁable within the current time series data set (Young et al., 1996).
The identiﬁed temperature dependency of the CO2 loss rate constant k can be explained through the eﬀects of temperature on the various processes associated with atmospheric CO2 removal. Raising global temperature reduces the solubility of CO2 in the
oceans and promotes respiration, both of which should act to decrease k. Therefore, the
temperature related increases in k we have estimated here could indicate temperature
enhanced photosynthetic processes or surface water mixing over this time interval. Such
eﬀects are known as ‘climatic stimulation of CO2 removal processes’ that act over and
above the eﬀects of the CO2 fertilization implicit in (14) (Appendix). For the period
1950-1984 the cumulative losses attributable to this eﬀect is 13.5 (1.8) Gt, which is comparable to the 20 (5) Gt estimated by Dai and Fung (1993) using a completely diﬀerent
approach. The estimated total climatic losses for the period 1856-2000 are 39.4 (6.2) Gt.
This may provide a credible explanation for some of the so called ‘missing sink’ for CO2
often cited in the literature (Farquhar et al 2001). If it is assumed that rising pCO2
leads to rising global temperatures, then the identiﬁed eﬀect of temperature on the CO2
removal eﬃciency has acted as a stabilizing negative feedback as shown in Figures 5 and
6 of the next section. It has been proposed that temperature eﬀects on respiration and
CO2 solubility in the oceans should dominate the climatic response of the GCC, leading
eventually to a net positive climatic feedback (e.g. Cox et al., 2001). This would suggest
that the temperature dependency shown in Figure 2 is a transitory eﬀect that may disappear either at higher temperatures or in time as the ocean temperature equilibrates
with that of the surface. However, it is important to note that, to date, such eﬀects are
not observed in these global scale data. Finally, although these data provide no insight
into the future persistence of the observed stabilization eﬀect, the identiﬁcation of the
eﬀects of global temperature rises within the relationship between emissions and pCO2
perturbations provides an important independent validation of the signiﬁcance of the
observed increases in global temperature shown in Figure 1.
From this evaluation of the identiﬁed model (12a) in relation to its mechanistic counterpart (14), we have seen that certain inferences about the dynamics of the GCC can
be made. As is sometimes the case, this diagnosis has highlighted both parallels and
conﬂicts between the inferred and the identiﬁed dynamic behaviour, only some of which
can be reconciled through careful consideration of the nature of the identiﬁed system in
relation to the underlying behaviour being observed. In particular it must be stressed
that the DBM model obtained here relates to the global scale observations from which it
was derived, and that it does not attempt to describe the operation of the GCC at any
smaller scale.

4.1.5

Hypothetical long-term forecasting

Let us now consider the model in a less serious, illustrative manner by investigating what
implications it may have on the longer term behaviour of the global climate. In this
regard, it must be emphasized that the results presented in this section are hypothetical
and based not only on an assumption that the model parameters remain constant over the
next two centuries, but also on an extrapolation of the nonlinearity in Figure 1a to higher
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Figure 5. Hypothetical predictive Monte Carlo stochastic simulation of the complete
nonlinear feedback model with internally generated temperature feedback from 1879 to
2200, based on the model estimated over the whole observational period to year 2000:
CO2 emissions (full line, upper panel); atmospheric pCO2 perturbations (full line,
middle panel); and Northern hemisphere temperature anomaly (full line, lower panel).
Measured variations in the variables to 2000 are shown as dashed lines and the 5%-95%
percentile bounds are denoted by dotted lines.

levels of the temperature anomaly, up to about 1.5◦ C.13 The forecasts are also dependent
on a forecast of the CO2 emissions, u(t), over the next two centuries, as shown in the
top panel of Figure 5. This was obtained using an SDP estimate of the emissions growth
rate and averaging this over the years 1995-2000 to generate future predictions of u(t).
This additional averaging was introduced because the rate is changing quite rapidly over
this last portion of the historical data due to recent reductions in the emissions, leading
to a predicted decline, which seem rather doubtful. Naturally, these future emissions will
be based on many factors and a purely historical extrapolation such as this is unlikely
to be accurate. Again, however, it suﬃces for these illustrative purposes.
Under these assumptions, the full nonlinear feedback model produces the MCS-based
forecasts shown in the bottom two panels of Figure 5. Both the pCO2 and the temperature continue to increase for some time, but with a very much reduced rate of increase
caused by the levelling-oﬀ of the CO2 emissions and the temperature feedback eﬀect.
The latter eﬀect becomes clear if these results are compared with the forecasts generated
in the same manner by the linear model (11a,b), as shown in Figure 6, where we see that
pCO2 in the year 2200 is some 8 pa higher than that forecast by the nonlinear model;
and this leads to a 1.3◦ C higher temperature anomaly.
As we point out in the next section 4.1.6, these forecasts of ours diﬀer markedly from
13

At ﬁrst, it would seem to be more cautious, if this was intended as an entirely serious exercise, to utilize the model (12c,d), with its apparently more conservative sigmoidal nonlinearity.
However, this nonlinearity is a quite sensitive to the β parameter in (12c), which has a high
variance estimate, so its is not a very satisfactory long term forecasting model.
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those obtained using complex simulation models of the GCC, (see also our comments
on this in Young and Jarvis, 2002). There are two main reasons for these diﬀerences.
First, the non-conservative behaviour within the complex, reductionist models means
that there is no stabilization of the atmospheric pCO2 for any positive emissions level.
Secondly, the eﬀects of temperature on reductions in the solubility of CO2 in the oceans
is thought to dominate the climatic eﬀects on the GCC, such that losses of CO2 from
the atmosphere reduce rather than increase with elevating temperatures.
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Figure 6. Hypothetical long term Monte Carlo predictions of the nonlinear SDP
(obtained as for Figure 5) and the constant parameter linear model. Also shown are the
5%-95% percentile bounds (dotted lines) and the atmospheric pCO2 data to year 2000
(dashed line).

4.1.6

Some additional observations on prediction

Considering the use of the nonlinear models in hypothetical long term forecasting raises
a number of questions about the nature of the nonlinearities and the deﬁnition of the
emissions scenario into the future. The three models we have considered so far are the
linear model (11a,b); and the two nonlinear SDP models with feedback nonlinearities
that are either linear (12a,b) or sigmoidal (12c,d) in the temperature anomaly. The
linear model has a temperature-invariant coeﬃcient of −0.0167; while the latter two
have the temperature dependent coeﬃcients plotted again14 in ﬁgure 7.
So which of these models should we choose for our hypothetical predictive exercises?
The most obvious approach is to ﬁrst consider the range of predictions that they produce
for any speciﬁed emissions scenario. For instance, ﬁgure 8 compares the predictions of all
three models for the emissions scenario in the upper panel of ﬁgure 5, with the percentile
bounds only shown for the model with the sigmoidal nonlinearity to avoid confusion on
the plot. Of these three, we see that this sigmoidal-in-temperature model represents a
14

this ﬁgure is added for completeness: the only diﬀerence between this and Figure 2 is that,
here, the percentile bounds are those that relate to the parametric estimates.
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Figure 7. The estimated parametric nonlinearities in the models (12a,b) and (12c,d):
linear change with temperature (left panel); sigmoidal change with temperature (right
panel). The 5% − 95% percentile bounds are shown dotted and the non-parametric
estimate is shown as a dash-dot line for comparison

reasonable compromise between the pessimism of the linear model and the optimism of
the linear-in-temperature model.
Of course, the predictions in ﬁgure 8 are constrained by the assumption of the rather
optimistic future emissions scenario. Also, such analyses should take into consideration
the uncertainty associated with the emissions measurements themselves which, up to
now, have been assumed error free (except for the inclusion of the oﬀset parameter c
in all the models). This latter concern apart, one approach to the wider and more
discerning deﬁnition of such emission scenarios is to consider the ‘inverse problem’ (e.g.
Wigley, 2000): i.e. compute the emission scenarios that are able to achieve a range of
‘stabilization concentration proﬁles’ for atmospheric CO2 , such as those utilized in the
studies carried out by the IPCC (Schimel,et al., 1996). An alternative and more ﬂexible
approach is to exploit automatic control theory and so generate an emissions scenario
(control input) that achieves some required objective, as deﬁned by a deﬁned ‘optimal’
criterion function.
However, if we consider the results obtained using approaches such as these, based
on the models obtained in the present report, they are signiﬁcantly diﬀerent from those
obtained heretofore by climate scientists. For example, Wigley (2000), using his 1993 carbon balance model (Wigley, 1993), generates a range of emissions scenarios that achieve
a whole range of stabilization concentration proﬁles, with steady CO2 levels ranging from
350 to 750 ppmv (i.e. perturbations in pCO2 from 7 to 47 pa). If we consider the 450
ppmv (17 pa) case, for instance, his required future emission scenario reduces to a steady
level of circa 2.3 Gt y −1 by the year 2200. By contrast, Figures 9 and 10 illustrate the
results of an automatic control exercise based on our linear model (11a,b).
Figure 9 is the block diagram of the Simulink system used to generate the MCS realizations in this exercise (calling this simulation repeatedly from the Matlab workspace).
From 1856 to 2000, the emissions input to the model is based on the measured emissions.
After this, however, the switch shown towards the centre of the block diagram introduces
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Figure 8. Comparison of the hypothetical long term Monte Carlo predictions of the two
nonlinear SDP models and the constant parameter linear model (percentile bounds only
shown for the sigmoidal-in-temperature nonlinear model to avoid confusion; the
percentile bounds for the other two models are shown in Figure 7).

the computed emissions input based on a Proportional-Integral-Plus (PIP) feedback controller (Young et al., 1987, 2002; Taylor et al., 2001) designed to follow a deﬁned future
CO2 proﬁle (in this case similar to the Wigley example mentioned above, although other
proﬁles could be used equally easily using this approach). This is designed to stabilize
the atmospheric pCO2 perturbation at a level of 17.6pa (456ppmv) and the temperature anomaly at a mean level of circa 2.6◦ C. Figure 10 shows the results of this exercise
and we see that the objectives have been realized by 2200, with an emissions scenario
stabilizing at a level of 7.4 Gt y −1 , with a 5% − 95% percentile range between 6.1 and
8.5 Gt y −1 ; i.e. between 3.6 to 6 Gt y −1 higher than that computed by Wigley (2000)
for a similar proﬁle (i.e. the same result achieved with a much smaller reduction in the
CO2 emissions).
Note that one advantage of this automatic control approach is that we can choose
any desired criterion for the future emissions control, since this only entails modifying
our criterion function. For example, the criterion function used in achieving the results
shown in Figure 10 is based on generating a future emissions strategy (control input) that
minimizes the error between the desired future proﬁle and the future pCO2 variations.
However, this could be modiﬁed to include other factors, such as economic costs and
beneﬁts.
Of course, it must be emphasized that both Wigley’s results and ours are speculative
‘what-if’ studies, characterized by considerable uncertainty, even if it is assumed that the
generated emissions scenario is achievable. They can also be considered as providing a
range of extreme speculations, with the Wigley results representing a pessimistic future
requiring major reductions in emissions; while ours are much more optimistic in this
regard15 . The credibility attached to these speculations will, of course, depend largely
15

although, ironically, they are based here on our most pessimistic model: the nonlinear models
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Figure 9. Simulink block diagram of the PIP automatic control system (at the left)
controlling the CO2 emissions to the DBM linear model of atmospheric CO2 (at the
right), in order achieve a desired atmospheric CO2 stabilization proﬁle.
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Figure 10. MCS simulation of the DBM linear model, showing how a PIP designed
automatic control system is able to produce a reasonable CO2 emissions policy
(dash-dot line) that stabilizes 200 year-ahead levels of the simulated atmospheric CO2
(full line) at a level of 17.6pa (456ppmv) and the simulated temperature anomaly
(dashed line) at a mean level of circa 2.6◦ C.

on one’s scientiﬁc background. If we exaggerate the situation somewhat, in order to
clarify the nature of the dilemma, then two extreme viewpoints can be discerned:
1. Scientists educated within a deterministic, hypothetico-deductive tradition, will
argue correctly that a simulation model, such as Wigley’s, reﬂects the current
state-of-the-art understanding of the mechanisms operative in those multiple com(12a,b) and (12c,d) would provide still more optimistic predictions because of the temperature
feedback eﬀects.
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partments of the GCC system that are thought necessary to characterize its the
dynamic behaviour. They will point out that it is a representation that utilizes
all of the information available in this regard, assembled in a model form that
reﬂects the scientist’s well-supported perception of how the diﬀerent physical and
biological processes interact with each other in dynamic terms. And they will emphasize that the level of detail in the model reﬂects a widely held view that the
environment, particularly at the global scale, is a very complex system that can
only be represented by a similarly complex model.
2. On the other hand, scientists who follow a statistically-based, inductive approach,
of the kind employed in the present report, will argue that data-based, mechanistic models, identiﬁed and estimated in stochastic terms, better reﬂect the information content of the available, uncertain data; and that such models are less
prone to the prior prejudice that can sometimes result from over-conﬁdence in
current paradigmatic judgement. They will also point out that large and complex
models cannot be estimated properly in rigorous statistical terms, since they are
over-parameterized and so not uniquely identiﬁable from the available data. As a
result, they will argue that such a model has not been adequately validated against
the available data and so is a questionable vehicle for making predictions into the
distant future. And, ﬁnally, they will be able to show that, despite their complexity, large mathematical models behave in a quite simple dynamic manner and
can be mimicked in this regard by much simpler ‘dominant mode’ mathematical
models of the DBM kind (e.g. Young et al., 1996; Shackley et al., 1996).
Both of these extreme viewpoints can be defended, of course, and the reader will not be
surprised that we subscribe rather strongly to the latter. But they are, nonetheless, rather
dogmatic: the most reasonable approach, in any given practical situation, probably lies
somewhere between them. After all, there is never only one model of a real system and
the choice between them will depend largely on the objectives of the modelling exercise.
Certainly, although we exploit data-based mechanistic modelling whenever the availability of data allow for this, we also make good use of large simulation models (although
normally considered within a stochastic setting and utilizing stochastic simulation: see
Parkinson and Young, 1998; Beven et al., 2000; Young and Parkinson, 2002).
Finally, there is one paradox raised by the comparison of our results with those of
Wigley (2000) that we will leave the reader to contemplate. Figure 11 is a reproduction
of Figure 21.1 in Wigley (2000) which compares the simulated atmospheric CO2 , as
generated by his rather heavily parameterized simulation model, with the measured data
(see ‘FULL OPT’ and ‘OBSERVED’ lines). If these results are compared with those
obtained above (ﬁgure 8), then it is clear that despite the complexity of the Wigley model,
the simple DBM models (12a,b) or (12c,d) explain the observational data rather better.
Moreover this DBM model, although simple, cannot be dismissed as an exercise in curve
ﬁtting. It is not a ‘black-box’ representation: as we have shown above, its parameters, as
estimated or derived, are physically meaningful; and the physical deductions drawn from
these parameters, as well as the model predictions, are all reasonable (albeit controversial)
from a scientiﬁc standpoint.
This situation cannot arise because the more complex model, with its larger number
of parameters, is unable to explain the data better: with so many parameters it would
be straightforwrad to achieve a better explanation of the data. So it would seem to
us that two major (but not mutually exclusive) possibilities exist. First, it could be
because constraints that may have been applied to the values of the model’s ‘physically
meaningful’ parameters during the model building process are too severe and this limits
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Figure 11. (Reproduced from Wigley, 2000)

the further reduction of the simulation response errors. Second, it could be a result
of the diﬃculties in model optimization caused by the obvious over-parameterization of
the Wigley model and associated lack of identiﬁability. Often, for instance, some of the
model parameters are ﬁxed16 at ‘well known’ values and only a subset of lesser known
parameters are optimized against the data in an attempt to avoid these problems.

4.1.7

Relationship to the results of Jarvis and Young (2002)

Finally, it is important to comment on the relationship of the results presented here
and those reported in Jarvis and Young (2002). In order to communicate with climate
change scientists who are more familiar with nonlinear least squares optimization based
on the response error, Jarvis and Young used this simpler optimization approach rather
than the prediction error optimization used in the present report (see section 5.1.1). It
is well known in time series analysis that if the model residuals (here ξˆt ) are serially
correlated (coloured noise), then this response error approach can produce biased and
statistically ineﬃcient model parameter estimates, where these eﬀects are dependent on
the variance of the model residuals and level of their serial correlation. In the present
case, the variance of residuals is very small but the serial correlation is quite high. The
practical consequences of this situation are that the bias on the estimates is insigniﬁcant
but the estimated uncertainty in the parameter estimates is too low. For instance, the
response error optimization results in the case of the model (12a,b) are as follows (see
16

An alternative Bayesian approach to this problem would not set parameters to ﬁxed values
but it would need to severely constrain the range of their estimated values by the speciﬁcation
of very tight prior distribution functions about the assumed initial estimates.
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Jarvis and Young, 2002):
α̂ = −0.0181(0.0007);
c = 0.0065(0.0014);

β̂ = −0.0100(0.0010);
τ̂ = 5.0;

RT2 = 0.9995;

b̂0 = 0.0402(0.0007);

σξ2 = 0.0025;

σ 2 = 0.0006

R2 = 0.9999

so that the parameter estimates are almost the same as those obtained by prediction
error optimization in section 5.1.2, but the estimated level of uncertainty associated with
three of these estimates is about half as large, so that they are too optimistic.
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Figure 12. Comparison of the hypothetical long term Monte Carlo predictions of the
nonlinear SDP optimized using prediction error (full line: percentile bounds shown
dashed) and response error (dash-dot line: percentile bounds shown dotted) cost
functions.
There are two main consequences of these lower estimation error variances. First, the
conﬁdence in the derived, physically meaningful parameters cited in Jarvis and Young
is somewhat too high, although this does not aﬀect at all their conclusions about the
temperature dependent feedback eﬀect, which are the same as those reported above
in section 5.1.4 (i.e. only the conﬁdence bounds on the estimates are changed to any
signiﬁcant degree). Second, as shown in ﬁgure 12, while there is not very much diﬀerence
in the median of the predictive distribution, the conﬁdence bounds are too narrow and
engender more conﬁdence in the prediction than is warranted. Again, however, the
diﬀerence is not too large and it does not aﬀect the main conclusions of the exercise very
much at all.
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Conclusions

Models of non-Gaussian and nonlinear processes do not necessarily require the assumption of non-Gaussian inputs. As we have seen in this Report, a fairly wide class of
non-Gaussian and nonlinear time series can be represented by state dependent (SDP)
parameter, nonlinear, stochastic models with Gaussian inputs. When it is possible (and
the methods do seem quite widely applicable), this is clearly advantageous, since it allows for the use of well tried and robust algorithms that are computationally much less
demanding than even the ‘classical’ non-Gaussian methods (see Durbin and Koopman,
1999, 2001). It is also clearly possible to develop state estimation and control system design methods based on SDP models. Research on such developments is continuing (e.g.
Young et al., 2002; Young and Jarvis, 2002) and has so far led to encouraging initial
results.
In contrast to many other methods of nonlinear modelling, the methods of SDP estimation discussed in this Report involve the data-based identiﬁcation of the nonlinear model
form and structure, prior to the estimation of the parameters in the ﬁnally identiﬁed
model. This helps to ensure that this ﬁnal nonlinear model is eﬃciently parameterized
(parsimonious) and it should avoid the over-parameterization that often accompanies
‘black-box’ nonlinear time series models, such as neural network, neuro-fuzzy and, to a
lesser extent, NARMAX models . A practical example of this is given in Young (2001c).
We have also shown that the SDP approach is a primary tool in ‘top-down’ DataBased Mechanistic (DBM) modelling, where its ability to obtain parametrically eﬃcient
and physically meaningful models from time series data is essential. This approach can
be contrasted with the more conventional ‘bottom-up’ hypothetico-deductive method of
modelling where the often overly complex and unidentiﬁable model structure is based
on prior, physically-based (and possibly subjective) assumptions. The global climate
example demonstrates how this novel top down approach can extract information from
the globally averaged data in a manner which contrasts quite markedly to the ‘bottomup’, reductionist approach used by most climate scientists (e.g. Enting and Lassey,
1993; Wigley, 1993). In this way, it addresses the important question of how the climate
behaves at this global scale and whether the alternative, reductionist approach is entirely
appropriate to explaining the dominant modes of dynamic behaviour at this global scale.
Whilst not rejecting the reductionist philosophy, nor the very large models that are
often developed using this philosophy, we feel that simpler, data-based models should
be playing a more important role in research on global climate change (see Young et al.,
1996; Shackley et al., 1998).
Finally, it should be noted that most of the time series analysis and modelling methods
used or mentioned in this Report are available in the CAPTAIN Toolbox that has been
developed at Lancaster over the last 15 years for use in the Matlab/SimulinkT M software
environment. The latest version of this Toolbox is currently in the ﬁnal stages of βtesting and will be generally available towards the end of 2002. Further information on
the Toolbox can be obtained via: http://www.es.lancs.ac.uk/cres/captain/.
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Appendix: Derivation of an Aggregated, Perturbational,
Single Mixing Unit Model for Anthropogenic Carbon.
The apparent suitability of the ﬁrst order dynamic model (11a,b) and its nonlinear counterparts (12a,b) and (12c,d), for describing the relationship between anthropogenic carbon emissions and variations of the perturbations in pCO2 points to a single mixing
process that aggregates the ‘active’ contributions of the atmospheric, terrestrial and
oceanic carbon reservoirs in a global scale mixing process. A mass balance for this ‘well
mixed’ mass of carbon may be given by,
vdC(t)
= U (t − τ ) − k {T (t)} C(t)
dt

(A1)

where C(t) is the eﬀective well-mixed concentration of carbon; U (t − τ ) is the net input
of carbon into this system delayed τ years; k{T (t)} is the ﬁrst order loss constant of the
system (which has earlier been identiﬁed as being temperature dependent); and v is the
eﬀective volume actively involved in the mixing process (see Young and Lees 1992), such
that vC(t) is the mass of carbon within this well mixed compartment.
As a result of the mixing process, the measured variations in atmospheric pCO2 should
be good surrogates for variations in C(t). Therefore, assuming that C(t) = w{pCO2 (t)}
where w is the proportionality constant, and pCO2 (t) = 28 + y(t), as before, then on
substitution (A1) becomes:
wvdy(t)
= U (t − τ ) − wk {T (t)} y(t) − 28 {T (t)}
(A2)
dt
Now the input of carbon into the system is comprised of two ﬂuxes. Firstly, there is the
net natural input, uN , which not only comprises additions of carbon to the system from,
for example, upwelling of carbon rich deep oceanic waters, but also losses of carbon from
the system that arise from CO2 independent processes (i.e. processes not aﬀected by CO2
fertilisation). This term is assumed to be unaﬀected by any anthropogenic disturbance,
reﬂecting the pre–industrial base level inputs and outputs of carbon.
Secondly, there is the anthropogenic input from fossil fuel burning, cement manufacturing and land use change, u(t). Considering these two inputs separately within (A2)
gives,
wvdy(t)
(A3)
= u(t − τ ) − wk {T (t)} y(t) + [uN − 28 {T (t)}]
dt
The form of (A3) is now comparable to that of (11a,b) and its nonlinear counterparts
(12a,b) and (12c,d) so that,
a1 =

k {T (t)}
;
v

b0 =

1
;
wv

c=

uN − 28 {T (t)}
wv

From this equivalence we note that, as discussed, the oﬀset term c arises from potential
inaccuracies in specifying either the pre–industrial pCO2 level required to exactly balance
the natural net steady state inputs of carbon to the system, uN , or the base level of u(t)
that would otherwise added to uN . Further analysis has revealed that the predominant
source of error contributing to small but signiﬁcant values of c appears to arise from
the latter source, which is not surprising given the uncertainties associated with the
emissions inventory. The fact that the SDP analysis was unable to detect any temperature
dependency in the c parameter, as inferred in (A3), is consistent with the fact that c is
so small, hence having only a minor eﬀect on the overall model behaviour.
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One notable diﬀerence between (A3) and, say, (11a,b) is the absence of any pure time
delay between the input, and its eﬀect on the output. The DBM modelling procedure
objectively identiﬁed this as being around ﬁve years. As a result, the eﬀects of any decay
in the input over this time should really be accommodated into the model (A3). This
requires making some assumption about the nature of any such decay process. Previously,
for example, Young and Beck (1974), applying a similar DBM methodology to mixing
within river systems, assumed that the same decay process that is operative within the
mixing process is also operative over the pure time delay. Then, simply integrating
these losses over the pure time delay gives u∗ (t − τ ) = e−kτ u(t − τ ), where u∗ (t − τ ) is
the decayed input. However, since the inclusion of the pure time delay here may act to
accommodate poorly deﬁned dynamic behaviour rather than pure advection, as discussed
in section 4.1.4, such assumptions may not be valid. For simplicity, therefore, we have
assumed that no losses of CO2 occur during this ﬁve year interval17 .
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