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Abstract

This report considers an inductive, Data-Based Mechanistic (DBM)
approach to modelling the dynamic relationship, in the form of an or-
dinary differential equation model, between global averaged measures
of total radiative forcing and atmospheric temperature, in which the
model structure is inferred from the data. In contrast to previous re-
search (Young, 2014, 2018), this report concentrates on the estimation
of important, climatically meaningful parameters, such as the ‘Climate
Sensitivity’; ‘Feedback Response Time’ (time constant); and ‘Effective
Heat Capacity’ that can be derived from the DBM model. It also con-
siders the nature of the model response, which includes an oscillatory
component with a period of about 50 years; and how the model can
be used in applications such as scenario and hypothetical forecasting.

1 Introduction
A previous report (Young, 2014)1 and associated paper (Young, 2018) have
shown that low dynamic order models are able to emulate the behaviour of
large climate simulation models. Moreover, when such low order models are

1This report can be downloaded from http://captaintoolbox.co.uk/Captain_
Toolbox.html/Publication_Downloads.html as HIDBM_Climate1.pdf, but note that
some of the analysis therein has been superseded by that presented here.
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inferred directly from global climate data, using the Data-Based Mechanistic
(DBM) approach to the inductive modelling of dynamic systems (see e.g.
Young, 2011, 2012, and the prior references therein), they produce reason-
able short-to-medium forecasts of global temperature, including a prediction
of the ‘levelling’ in temperatures that occurred after the start of the new
Millennium.

Defining the objectives of a model-based study is the first step in the
DBM approach to modelling and this previous research was aimed mainly at
the forecasting of globally averaged surface temperature. The objectives of
the present report are somewhat different. They are to synthesize a constant
parameter, continuous-time differential equation DBM model from which
important, climatically meaningful parameters can be derived. This has to be
a stochastic model, obtained using optimal methods of statistical inference,
because it is important to not only estimate the parameters but also to
quantify the uncertainty in these estimates.

Such differential equation models have a number of advantages, from
both scientific and statistical standpoints (Garnier and Young, 2014). In
the context of climate system modelling, for instance, differential equation
models are of the same general form as those used in the construction of
global climate models, albeit very much smaller, with a lower dynamic order
that captures the identifiable ‘dominant modes’ of the global system; and
they are characterized by parameters that have immediate physical meaning
and appropriate units that quantify this meaning.

Most importantly, DBM models are not the kind of ‘black-box’ time se-
ries/econometric models that have been used previously to model globally
averaged data (see for example Kaufmann et al., 2006; Mills, 2009). They are
models that can be interpreted directly in physically meaningful terms that
adds to their credibility in scientific terms. In the present context, for exam-
ple, they allow for the simple derivation of parameters, such as the ‘Climate
Sensitivity’; ‘Feedback Response Time’ or ‘Time Constant’; and ‘Effective
Heat Capacity’ that have a important and well defined climatic meaning. As
we shall see, the models are also in an ideal form for applications such as
scenario analysis, hypothetical forecasting and emissions management.
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2 Global Average Temperature
DBM modelling involves several stages that have been described fully in pre-
vious publications (see e.g. Young and Ratto (2009); Young (2016), as well as
chapter 12 in Young, 2011, and the prior references therein). In the present
context it involves the identification of the continuous-time Transfer Func-
tion (hereafter denoted by TF) model structure from the available globally
averaged data, followed by the optimal estimation of the parameters that
characterize this TF model. These estimated parameters are associated di-
rectly with the identified TF model or, equivalently, the differential equations
defined by this TF which, in the present context, are a better known form of
the dynamic equations within the climate community. In fact, the final form
of the DBM model is estimated by nonlinear optimization using ‘prediction
error minimization’ based on a SimulinkTMrepresentation of these differential
equations.

The climatically meaningful parameters that chracterize the optimized
model are derived from the estimated parameters of the differential equa-
tion model. Consequently, the uncertainty in these derived parameters is
evaluated using Monte Carlo Simulation (MCS) analysis based on the esti-
mated uncertainty in the directly estimated parameters (as defined by their
estimated error covariance matrix). This MCS analysis also allows for the
quantification of the uncertainty associated with the response of the DBM
model to the TRF input.

2.1 The Globally Averaged Climate Data

The data used for statistical model identification and estimation in this re-
port are the annual, globally averaged climate data, as plotted in figure
1 for the historical period from 1856 to 20152. These data are derivedfrom the global averaging of measurements, carried out by climate scien-
tists, and it is assumed here that this global averaging is a legitimate sta-
tistical procedure for inferring the changes in the variables at the global
level. The Globally Averaged Temperature Anomaly (GTA) shown in the

2Data download sites: http://cdiac.ornl.gov/trends/temp/jonescru/jones.
html; http://www.pik-potsdam.de/~mmalte/rcps/; http://www.cgd.ucar.edu/cas/
catalog/climind/AMO.html. Note: The data from these sites were accessed in 2009,
when the present study was initiated, and they can change, so the GTA, RTF and AMO
data sets used in the present paper can be downloaded as Climate Data.zip from http:
//captaintoolbox.co.uk/Captain_Toolbox.html/Publication_Downloads.html
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a) Output: Global Temperature Anomaly (GTA)
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  c) Atlantic Multidecadal Oscillation (AMO)

Climate Data Used in DBM Model Identification and Estimation

Figure 1: Globally averaged climate data. Top panel: GTA measure-
ments, from the Carbon Dioxide Information Analysis Center (CDIAC). Mid-
dle panel: the RTF signal and the CO2 component of this total signal, from
the Potsdam Institute for Climate Impact Research website. Lower panel:
the AMO series, downloaded from the Physical Sciences Division, Earth Sys-
tem Research Laboratory of NOAA.

upper panel of figure 1 represents the changes in the globally averaged sur-
face temperature around a level defined by the background average of the
temperature measurements over the period 1950 to 1980. The panel be-
low this shows the changes in the Total Radiative Forcing (TRF). The In-
tergovernmental Panel on Climate Change (IPCC) AR4 report (see https:
//www.ipcc.ch/pdf/assessment-report/ar4/syr/ar4_syr.pdf) defines radia-
tive forcing as follows:

“Radiative forcing is a measure of the influence a factor has in altering the balance
of incoming and outgoing energy in the Earth-atmosphere system and is an index of the
importance of the factor as a potential climate change mechanism. The radiative forcing
values are for changes relative to preindustrial conditions defined at 1750 and are expressed
in Watts per square meter (W/m2)”
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The TRF, shown by the black line, is made up of several components. The
important CO2 component is shown as the red dotted line; and the sharp
negative excursions in the TRF are associated with volcanic eruptions.

The lower panel in figure 1 shows the Atlantic Multidecadel Oscilla-
tion (AMO) which was identified by Schlesinger and Ramankutty (1994).
The AMO signal is usually defined from the patterns of SST variability
in the North Atlantic once a trend has been removed. For instance, the
Schlesinger and Ramankutty trend removal is based on the global-mean
temperature changes simulated by a simple, hemispherically resolved, cli-
mate/ocean model: i.e., the simulated changes are subtracted from the ob-
served global-mean temperature changes to reveal what, it is assumed, is not
caused by radiative forcing. When modelling systems that include trend be-
haviour such as this, detrending is not recommended unless there is no other
way of explaining the presence of the trend. This is because detrending is
not a particularly well-defined operation and may remove dynamic artefacts
that are important in the dynamic modelling3. Consequently it would be
preferable to use the original data without any trend removal but we do not
have access to these data.

All of the data are affected by uncertainty that arises from various causes,
as discussed briefly at the beginning of the IPCC report. In the present
report, it is assumed that this uncertainty results in unexplained additive
noise on the TF model that is modelled by a discrete-time AutoRegressive
(AR) model. In other words, the full DBM model is a ‘hybrid’ combination
of the continuous-time differential equation model relating the total radiative
forcing to the GTA and AMO and a discrete-time, difference equation, noise
model. Such a hybrid model avoids certain difficulties associated with the
estimation of continuous-time noise models (see Appendix B, section B.3.5 in
Young, 2011) and (page 156 et seq., in Priestley, 1988). The presence of the
additive noise, which accounts for about 10% of the variance in the GTA data,
is reflected in the uncertainty on the estimates of the TF model parameters,
as quantified by the optimization procedures used for model estimation.

3This is discussed later in section 3.1, where an alternative approach is utilized that
does not suffer from these disadvantages.
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2.2 Global Climate Parameters

The most important parameters of any model used to explain the changes in
the globally averaged data in figure 1 are concerned with the transient and
equilibrium behaviour of the model at this globally averaged level. For in-
stance, if the model is stable and is perturbed by a constant radiative forcing
input, what globally averaged temperature does it reach at equilibrium and
what time does it take to reach this equilibrium level?

The best known parameter of this kind is the Global Equilibrium Climate
Sensitivity, which will be denoted here by ECS. ECS has a component directly
due to radiative forcing by CO2, and a further contribution arising from any
positive or negative feedback effects within the climate system. Without
any such effects, climate scientists claim that a doubling of CO2, which is
equivalent to an increase in forcing of 3.7W/m2, would result in a one degree
centigrade increase in the global temperature. However, there are likely to be
feedback effects in the global system that will change this value and should be
reflected also in the measured changes shown in figure 1. The most important
DBM model parameter that affects the equilibrium is the Steady State Gain
(G), i.e. if the equilibrium level of the globally averaged temperature, x(t),
is denoted by x(∞), and the steady level of the radiative forcing is denoted
by u(∞), then x(∞) = Gu(∞).

In reaching its equilibrium level, any stable dynamic system will undergo
transient dynamic behaviour, the importance of which in the case of possible
global warming is obvious. The model parameters that affect this transient
behaviour are the Time Constant (T ) of any first order dominant mode; and,
if the response of the system is oscillatory, the Natural Frequency (ωn), the
natural period of this oscillation (Pn = 2π/ωn) and the associated Damping
Ratio (ζ) (see Appendix B in Young, 2011).
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3 DBM Model Identification and Estimation
The general, DBMmodel used in this paper is a linear, multi-input, continuous-
time TF model that can be written informally4 as follows:

Deterministic Model : x(t) =
nu∑
i=1

Bi(s)

Ai(s)
ui(t− τi)

Noise Model : ξ(k) =
D(z−1)

C(z−1)
e(k); e(k) = N (0, σ2)

Observation Equation : y(k) = x(k) + ξ(k)

(1)

where τi represents a pure time delay between the input variable ui(t) and its
first effect on the output x(t); s is differentiation operator, i.e. sr = dr/dtr, so
that srx(t) = drx(t)

dtr
; and Ai(s), Bi(s) are appropriately defined polynomials

in s of the following form:

Bi(s) = b0is
mi + b1is

mi−1 + . . . ,+bmii

Ai(s) = sni + a1is
ni−1 + a2is

ni−1 + . . . ,+anii

(2)

The discrete-time noise model is, in general, an AutoRegressive Moving Av-
erage (ARMA) process defined by the polynomials C(z−1) and D(z−1) of the
following form:

C(z−1) = 1 + c1z
−1 + c2z

−2 + . . . + cpz
−p

D(z−1) = 1 + d1z
−1 + d2z

−2 + . . . + dqz
−q (3)

where z−r is the backward shift operator, i.e. z−rξ(k) = ξ(k − r). A multi-
output system can be defined as an amalgamation of single output models
such as this.

The total model structure is specified by the vector

[ni mi (i = 1, 2, . . . , nu) τi (i = 1, 2, . . . nu) p q]

Identification of the model structural parameters in this vector, as well as
the estimation of the polynomial parameters (ai,j, i = 1, 2, . . . , n; j =
1, 2, . . . , nu, bi,j, i = 1, 2, . . . ,m; j = 1, 2, . . . , nu, ci, i = 1, 2, . . . , p, di, i =
1, 2, . . . , q and σ2) that characterize the associated model, is a well known

4Informal because its involves a mixture of the two operators s and z−1.
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statistical problem of time series analysis. In DBM modelling, it is normally
solved by maximum likelihood estimation using the Refined Instrumental
Variable method (see e.g. Young, 2011, 2015) for hybrid continuous-time
models of this type (RIVC). This is available as the rivcbjid and rivcbj routines
in the CAPTAIN Toolbox5 for MatlabTM, which is used in most of the DBM
modelling exercises considered in subsequent sections of this report.

The continuous-time TF model (1) is simply a concise and convenient
way of representing the better known differential equation models used in
most climate research. One advantage of this model form is that it can be
related directly with the Laplace transform transfer function form of differ-
ential equation models. Indeed, s is often used as the Laplace operator and
it is used here as the derivative operator to emphasize this relationship. If
there are no initial conditions affecting the data, then the Laplace transform
and derivative operator forms of the TF are identical. If there are initial
conditions effects present, however, the Laplace transform of the differential
equation introduces additional terms that are dependent on the initial con-
ditions of the output, input and their time derivatives. This is discussed in
Appendix A, which shows how accounting for the initial conditions is not
difficult and can be used to good effect in the model estimation. As we shall
see, in the present study, it can avoid the need to detrend the GTA series
prior to time series modelling, a questionable device often employed by time
series analysts.

In order to examine this relationship between continuous-time TF and
differential equation models in simple terms, let us consider a first order,
two-input model of the above type, as identified in the next sub-section 3.1.
This takes the following form, which has the structure vector [1 2 2 0 0 1 0]:

x(t) =
b01s+ b11
s+ a11

u(t) +
b02s+ b12
s+ a11

uIC

ξ(k) =
1

1 + c1z−1
e(k); e(k) = N (0, σ2)

y(k) = x(k) + ξ(k)

(4)

Here uIC is a second, artificial input, set to unity over the whole observa-
tional interval, which simply allows for the estimation of the initial conditions
and their effects on the output response x(t), as discussed in Appendix A.

5The CAPTAIN Toolbox is freely available via the website http://captaintoolbox.
co.uk/Captain_Toolbox.html/Captain_Toolbox.html
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However, the main description of the system dynamics resides in the first
transfer function between u(t) and x(t). In the present context, u(t) is the
measured TRF input and x(t) is the deterministic output of the model, i.e.
the model’s estimate of that part of the measured GTA response that is not
contaminated by the ‘noise’ ξ(k), which could represent random measure-
ment noise but might account for other, unexplained perturbations in the
measured response not explained by the model.

The deterministic part of the model (4) between u(t) and x(t) is directly
equivalent to the following, first order differential equation:

dx(t)

dt
+ a11x(t) = b01

du(t)

dt
+ b11u(t) (5)

which is obtained by simply multiplying throughout the equation by s +
a11 and applying the s operator wherever this appears (here in relation to
x(t) and u(t), yielding dx(t)

dt
and du(t)

dt
). One advantage of continuous-time

models such as this is that the dynamic nature of the system can be inferred
immediately from the parameters in the model, without having to resort to
the solution of the underlying differential equation. For example, the dynamic
nature of this first order model is defined completely by the following two
‘derived’ parameters:

Steady State Gain G =
b11
a11

Time Constant T =
1

a11

(6)

As we shall see, both of these parameters have important implications in the
present climate context, where G is directly proportional to the ECS that
defines the equilibrium level of the globally averaged temperature; and T
that defines the time taken for the system to reach 1 − e−1 = 0.632 of the
final equilibrium level6.

A second order example of the TF model (1), as identified later in sub-
section 3.2.1, has a structure vector [2 2 2 0 0 1 0] and the main TF between
u(t) and x(t) takes the form:

x(t) =
b01s+ b11

s2 + a11s+ a12
u(t− τ) (7)

6This has been termed ’Feedback Response Time’ in climate publications: see section
3.7.1
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which defines a differential equation model of the form:

d2x(t)

dt2
+ a11

dx(t)

dt
+ a12x(t) = b01

du(t− τ)
dt

+ b11u(t− τ) (8)

Once again, physically meaningful parameters derived from the parameters
in this equation immediately provide details of the system transient response.
In this case, these are:

Steady State Gain G =
b11
a12

Natural Frequency ωn =
√
a12 radians/time unit

Natural Period Pn =
2π

ωn
time units

Damping Ratio ζ =
a11
2ωn

=
a11

2
√
a12

(9)

If the damping ratio ζ is less than its ‘critically damped’ value of unity,
then the transient response will exhibit oscillatory behaviour at a frequency
defined by the natural frequency ωn with an associated natural period Pn.
If ζ = 0, then the oscillations are undamped and the oscillatory response is
sustained; whereas for 0 < ζ < 1.0 they are damped in time and die out
unless the system is perturbed by a change in the input u(t).

These derived parameters also have relevance in a climate context. We
will see that a model of the form (8), with b11 = 0, is identified, in section
3.2.1, for the behaviour of an oscillatory component, denoted by x2(t), in
a model between the TRF and the GTA, where ωn defines the oscillatory
frequency of the series, and an associated small value for ζ shows that the
oscillations are almost undamped. Another model of this form, but with b11
present, is identified, in section 3.5, for the relationship between x2(t) and
the AMO series.

In cases where the damping ratio is ≥ 1.0, it sometimes assist in the phys-
ical interpretation of the model, to decompose the second order equation (8)
into a serial or feedback connection of two first order TFs, the time con-
stants of which are based on the real roots of the factorized TF denominator
s2 + a11s + a12 = (s + α1)(s + α2), where −α1 = −1/T1 and −α2 = −1/T2
are the ‘eigenvalues’ of the model. Examples of such feedback decomposition
are discussed later in sections 3.7.2 and 3.7.3.
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3.1 Initial Model Structure Identification

In this report, the objective of the DBM modelling is to identify and esti-
mate a continuous-time TF model, based on the data shown in figure 1, that
explains as much of the variation in GTA and AMO series as possible, under
the assumption that this variation is primarily the result of the changes in
the radiative forcing inputs. The GTA and TRF data are both character-
ized by a rising trend and the presence of such a trend is often considered
in the time series literature (e.g. Box and Jenkins, 1970; Box et al., 1994)
as ‘nonstationarity’ in the data, the effect of which should be removed prior
to modelling using either some form of differencing to render the series sta-
tionary, or alternatively some form of ‘detrending’ (see earlier comments in
section 2.1).

Neither of these standard statistical approaches seem very satisfactory
in this case because the trend in the GTA can be explained by the trend
in the TRF input and the trend in the RTF is arising because of assumed
known factors associated with natural and anthropogenic activity. Moreover,
the analysis in subsequent sections will show that the relationship between
the TRF and GTA, which is the primary object of the present study, can
be identified satisfactorily if the initial conditions on the data are estimated
and, as discussed previously, accounted for in the model estimation.

Another important aspect of the data shown in figure 1 is that they
derive from the measured behaviour of the global system during its ‘normal
functioning’. In other words, we have to accept the data in this limited
form, with no possibility of performing the planned experiments that are so
important in Popper’s hypothetico-deductive approach. In the systems and
control literature, it is assumed that the inputs to a dynamic system are
‘sufficiently exciting’ to allow for satisfactory identification and estimation
of the input-output model (see e.g. Young, 2011). Consequently, we have to
assume, in the first instance, that the radiative forcing inputs are sufficiently
exciting in this sense. Except for the effects of volcanic activity, however,
the natural variations in the TRF data are not particularly pronounced, so
this must be be taken into account when evaluating the efficacy of the finally
estimated model.

With the above observations and caveats in mind, an obvious first step
in the modelling is to consider the identification and estimation of a simple
model between TRF and GTA, which should include the estimation of initial
conditions on the data, as well as the effects of these initial conditions on
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the subsequent dynamic behaviour. The simplest initial approach to such
model identification and identification is to use the rivcbjid model structure
identification routine in the CAPTAIN Toolbox. For simplicity, this assumes
a common denominator A(s) in the TF model (i.e. Ai(s) = A(s)∀i) and it
yields the table below (verbatim, as produced by rivcbjid).
___________________ BEST 10 models (Rt2) ___________________
den num del AR MA YIC RT2 BIC AIC
3 4 0 2 0 -1.3879 0.900151 -714.4758 -4.7403

4 0
3 3 0 2 0 1.5802 0.882592 -698.7534 -4.6228

4 0
2 2 0 2 0 -0.2943 0.879561 -712.0321 -4.6482

3 0
3 4 0 2 0 -1.2335 0.876765 -691.8634 -4.5798

3 0
3 3 0 2 0 -1.0084 0.875575 -694.4475 -4.5767

3 0
3 2 0 2 0 1.4406 0.863789 -663.7441 -4.3656

3 0
3 2 0 2 0 10.5985 0.861089 -646.7842 -4.2404

2 0
3 2 0 2 0 -0.0510 0.846470 -656.2989 -4.3383

4 0
3 3 0 2 0 8.4910 0.668903 -157.7879 -1.2034

2 0
2 3 0 2 0 2.0582 0.546351 -659.6170 -4.3398

3 0

In this table, the two rows in the numerator (‘num’) and time delay (‘del’)
columns, for each model, relate to the two inputs u(t) and uIC in the model
(4). ‘YIC’, ‘BIC’ and ‘AIC’ are logarithmically defined identification criteria
(see chapter 6 of Young, 2011, for their definitions and explanation of how
they are used) where the lowest, normally most negative, value indicates
those models that provide the best compromise between the explanation of
the data and the number of parameters required to achieve this. Finally,
‘RT2’ is the Coefficient of Determination R2

T based on the error e(k) =
y(k) − x̂(k) between the simulated model output x̂(k) and the measured
GTA y(k), i.e.,

R2
T = 1 − σ2

σ2
y

; (10)
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where σ2 is the variance of e(k) and σ2
y is the variance of y(k), both about

their mean values. Consequently, the closer the value of R2
T to unity, the

better the explanation y(k).
The table shows that the 3rd order model with structure [3 4 4 0 0 2

0] not only provides the best explanation of the data, with R2
T = 0.90, but

is also selected by all the model identification criteria YIC, BIC and AIC.
This hybrid model is presented below in a decomposed form with the output
of the main TF in (i) denoted by the state x1(t); the output of the initial
condition TF in (ii) denoted by the state xi(t); the observation equation (iii)
showing the sampled output as the sum of the two sampled states; and the
noise ξ(k), which is identified as a second order AR(2) model in (iv).

x1(t) =
b01s

3 + b11s
2 + b21s+ b31

s3 + a11s2 + a21s+ a31
u(t) (i)

xi(t) =
b02s

3 + b12s
2 + b22s+ b32

s3 + a11s2 + a21s+ a31
uIC (ii)

ξ(k) =
1

1 + c1z−1 + c2z−2
+ e(k) e(k) = N (0, σ2) (iii)

y(k) = x1(k) + x2(k) + ξ(k) (iv)

(11)

The estimates of the parameters are as follows, with the standard errors
shown in parentheses:

â11 = 0.0483(0.026); â21 = 0.0126(0.0018); â31 = 0.000586(0.00028)

b̂01 = 0.0719(0.028); b̂11 = 0.0294(0.012); b̂21 = 0.000963(0.000988)

b̂31 = 0.000368(0.000144); b̂02 = −0.370(0.049); b̂12 = 0.0267(0.0172)

b̂22 = −0.00391(0.000593); b̂32 = −0.000279(0.000131)
ĉ1 = −0.259(0.079); ĉ2 = 0.200(0.079); σ̂2 = 0.0076

(12)

As would be expected from the R2
T = 0.90, the model (11) explains the data

quite well, as shown in the upper panel of figure 2; and, as required, the
model residual series e(k) is both serially uncorrelated and uncorrelated with
the TRF input series, showing that it is playing no statistically significant
part in explaining the relationship between u(t) and x(t). However, (12) is a
quite high order model with a total of 14 parameters in the continuous-time
model and 2 in the AR(2) noise model. The component responses from the

13
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Figure 2: The upper panel compares the output of the initial model with the
GTA data and the components of this response are shown in the lower panel.

two TFs plotted in the lower panel of figure 2 are quite revealing. They
show that the initial condition response is dominated by a very low damped
sinusoidal signal which accounts for low level cyclic behaviour which we can
now see is appearing in the GTA response.

The nature of this oscillatory component can be ascertained from the
3 roots (poles) of the 3rd order TF denominator. One of these is a real
root with a value -0.0466, which defines a first order response with a time
constant T2 = 1/0.0466 = 21.5 years. The others are a complex conjugate
pair at −0.000842±0.112i that are associated with a second order polynomial
of the form s2+2ζωns+ω2

n that defines the natural frequency as ωn = 0.112
radians/second with an associated, very small, damping ratio of ζ = 0.0075.
Consequently, the period of the oscillation is 2π/0.112 = 56.1 years which can
be linked with the period of the quasi-cyclic component identified in Young
(2018); and is also somewhat similar to the quasi-cyclic period of 62.5 years
(see later section 3.7.3) that is evident in the AMO series shown in figure 1.

As we are concerned with climate parameters in this paper, it is inter-
esting to note that, although this is the first, simple step in the modelling
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exercise, the initial model (11) can provide estimates ˆECS, T̂ and P̂n of the
globally averaged climate parameters (see earlier section 2.2). And since it
is a stochastic model, we are able to compute the uncertainty in these esti-
mates, based on the directly estimated model parameters in (12) and their
associated covariance matrix, using Monte Carlo Simulation (MCS) analysis
(see also later section 3.3). The estimates obtained in this manner, using
MCS analysis based on 10,000 random realizations, are shown in Table 1
with plots of the frequency distribution of ˆECS and the associated response
of the model to a step of 3.7 W/m2, equivalent to a doubling of atmospheric
CO2, in figure 3. The very small oscillations in this step response derive from
the oscillatory mode discussed above. However, most of this oscillatory mode
is connected with the intial condition response which, as we shall see later,
is accounting for a disproportionate proportion of this oscillatory behaviour.

Parameter Estimate Lower 5% Bound Upper 95% Bound
ĈS (oC) 2.32 2.05 3.34

T̂ (years) 21.4 13.2 72.6

P̂n (years) 56.1 51.8 63.2

Table 1: MCS results for the Initial DBM Model based on 10, 000 random
realizations defined by the estimated error covariance matrix.

It is clear from figure 3 that the parametric uncertainty in the estimated
model (11) is relatively large, partly because the model is of quite a high order
compared with other, more parametrically efficient models that are discussed
in the next section 3.2. In addition to this relatively high order, the main
problem with the model (11) is that the interesting sinusoidal behaviour is
associated with the initial condition response and it would be preferable is
this was integrated with the main TF is some manner.

Given the high order of the above common denominator model, it makes
sense to investigate a TF model without this restriction, using the rivcdd
routine in CAPTAIN. This yields the following reduced order model charac-
terized by 8 parameters in the continuous time TFs and 2 in the AR(2) noise
model. Note that the model is presented here in a decomposed form so that
the output of the main TF is denoted by x1(t) and the output of the initial
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Figure 3: Uncertainty in derived parameter ˆECS obtained by MCS analysis
and the associated response to a 3.7 W/m2 step change in the total radiative
forcing input.

condition TF denoted by x2(t).

x1(t) =
b01s+ b11
s+ a11

u(t)

x2(t) =
b02s

2 + b12s+ b22
s2 + a12s+ a22

uIC

ξ(k) =
1

1 + c1z−1 + c2z−2
+ e(k) e(k) = N (0, σ2)

y(k) = x1(k) + x2(k) + xi(k)

(13)

where,

â11 = 0.0808(0.012) b̂01 = 0.0986(0.0094) b̂11 = 0.0458(0.0013)

â12 = 0.0319(0.028) â22 = 0.0136(0.0059) b̂02 = −0.209(0.037)
b̂12 = 0.0148(0.0056) b̂22 = −0.00071(0.00012)
ĉ1 = −0.291(0.079)ĉ2 = 0.167(0.079) σ̂2 = 0.0079

(14)

The explanation of the data is marginally less, with R2
T = 0.896 than in

the case of the model (11) (R2
T = 0.900) but this is obtained with 6 less
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parameters. As a result, all of the parameters are estimated with acceptable
standard errors. The model response is similar to that shown in figure 2:
the main difference is that the sinusoidal initial condition response, with a
natural period of 53.7 years is noticeably more damped, as reflected in the
larger damping ratio ζ = 0.014. Referring to equation (13), the steady state
gain G = 0.0458/0.0808 = 0.57, so that the estimated global sensitivity
CS = 3.7 ∗G = 2.095, with the time constant T = 1/0.0808 = 12.4 years.

3.2 Final Model Identification and Estimation

In the model (11) the oscillatory component in the model is stimulated by
the initial condition input uIC . In Young (2018), it is noted that the residual
noise in a model that is closely related to that considered in the previous sub-
section, contains a quasi-cyclic component and it then develops a model for
this using a time variable parameter Dynamic Harmonic Regression (DHR)
model using the dhr routine in CAPTAIN. This model is very effective in
forecasting the quasi-cyclic component and predicting the ‘levelling’ in global
warming that occurred after the start of the Millennium and lasted for over
10 years. The equivalent signal in the model (11) is the series ε(k) = y(k)−
x1(k) = xi(k) + e(k) which is the noisy measure of the initial condition
response.

Figure 4 shows that the long term cycle in this ε(k) series, shown in black,
can be captured by the following model between the radiative forcing u(t)
and ε(t):

ε(t) =
b01s+ b11

s2 + a11s+ a21
u(t− τ) (15)

where the associated noise model is an AR(2) process. It will be noted that,
in addition to the TF, the relationship requires the introduction of a large
pure time delay τ = 18 years between the input and its first effect on the
output ε(t). The identification of this model allows for the effect of the τ
on the statistical degrees of freedom (because the presence of the time delay
reduces the amount of data used in the identification). The estimates of the
parameters are as follows, with the standard errors shown in parentheses:

â11 = 0.0158(0.012); â21 = 0.0132(0.0008); τ̂ = 18 years

b̂01 = 0.00272(0.0045); b̂11 = −0.00024(0.00030);
ĉ1 = −0.301(0.083); ĉ2 = −0.231(0.083); σ̂2 = 0.009

(16)
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Figure 4: The output of the model (15) compared with the error signal ε(t).

This second order model has a natural frequency ωn = 0.115 radians/year,
with an associated natural period of 54.7 years. The damping ratio is quite
small at ζ = 0.0158 so the associated oscillations a quite sustained, taking
about 1000 years to die out. Note that the TF numerator parameters are
quite poorly defined, with the estimated standard errors both a little larger
that the parameter estimates.

The main disadvantage of the model (15) is that, once again, the initial
condition equation is still explaining quite a lot of the oscillatory behaviour.
These results suggest, therefore, that a modified model is required; one in
which the initial condition equation (11)(ii) is replaced by a combination
of an internal model based on (15) and, crucially, a different method of
estimating the initial conditions. This development is discussed in the next
section 3.2.1.
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3.2.1 The final DBM model

In order to remove the need for the initial condition equation and the ad-
ditional input uIC required for this, the final identification and estimation
of the model is carried using a simulated model in the Matlab ‘SimulinkTM’
software application. This has the advantage that the initial conditions can
be introduced directly as parameters in the three integrators of the simu-
lated differential equations (see the Simulink diagram in Appendix B). The
deterministic equations of the Simulink model, presented in TF form, are as
follows,

x1(t) =
b10

s+ a11
u(t) (i)

x2(t) =
b20s

s2 + a21s+ a22
u(t− τ) (ii)

x(t) = x1(t) + x2(t) (iii)

(17)

where it will be noted that the numerator of the x2(t) equation is now iden-
tified to have only one term, b20s, showing that x2(t) is the filtered first
derivative of u(t − τ). The differential equation equivalent of (17), as used
in the Simulink diagram, takes the form:

dx1(t)

dt
= a11x1(t) + b10u(t) (i)

d2x2(t)

dt2
= a21

dx2(t)

dt
s+ a22x2(t) + b20

du(t− τ)
dt

(ii)

x(t) = x1(t) + x2(t) (iii)

(18)

The full DBM model is completed by the following discrete-time equation for
the measured GTA, y(k), which is not included in the diagram in order to
emphasize the simplicity of the model.

y(k) = x(k) + ξ(k)

ξ(k) =
1

1− c1z−1
e(k) e(k) = N (0, σ2)

(19)

This is a first order AR(1) model identified by the AIC and, as required, the
model residual series e(k) is both serially uncorrelated and uncorrelated with
the TRF input series.

The model is now identified with only 6 parameters, including the time
delay, plus the 3 initial conditions on the integrators (the 1

s
blocks in the

diagram). These parameters are estimated in a customized optimization
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routine, based on the Matlab optimization routine lsqnonlin, that repeatedly
calls the Simulink model, adds a discrete-time equation for the noise model,
and minimizes the sums of squares of the resulting residual series e(k). This
is referred to as ‘prediction error minimization’ in the systems and control
literature (see e.g. Young, 2011). Initially, the starting estimates for the
optimization were selected from the estimated parameters of the previously
estimated models. On convergence, the model yields a good explanation of
the data (R2

T = 0.898). The resulting parameter estimates are as follows,
where the standard errors are shown in parentheses:

â11 = 0.0518(0.0053); b̂10 = 0.0320(0.0032); b̂20 = 0.0067(0.0057)

â21 = 0.0082(0.0133); â22 = 0.0129(0.0012)

ĉ1 = −0.220(0.078); σ̂2 = 0.008

ÎC1 = −0.317(0.049); ÎC2 = 0; ÎC3 = −0.0307(0.036);

(20)

with the estimate of the time delay τ̂ = 17.52(4.4) years that suggests the
data are explained better if this is ‘fractional’ (see Chen and Young, 2019).
Once again, as required, the model residual series e(k) is both serially uncor-
related and uncorrelated with both the TRF input and the AMO series.

It is important to note that this analysis shows how crucial it is to consider
TRF as the forcing input rather than just its carbon emissions component
of the TRF. If the latter approach is used, then the explanation of the GTA
data is not so good, with R2

T = 0.872, and the parameter estimates are not
so well defined:

â11 = 0.06836(0.0303); b̂10 = 0.04801(0.0206)

b̂20 = 0.000005(0.0377); â21 = 0.0058(0.0137); â22 = 0.0115(0.0009)

ĉ1 = −0.367(0.074); σ̂2 = 0.009

ÎC1 = −− 0.2319(0.093); ÎC2 = 0; ÎC3 = −0.1072(0.051);

(21)

In particular, they have have much larger standard errors (e.g. a 6 times in-
crease for â11), with a consequent effect on the estimates of the climate-related
parameters. And the estimate of the time delay is effectively indeterminate,
with τ̂ = 19.94(3.45× 105).

The model equations (17) can be converted straightforwardly into the
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following alternative form (see section 3):

x1(t) =
G

1 + Ts
u(t) (i)

x2(t) =
b20s

s2 + 2ζωns+ ω2
n

u(t− τ) (ii)

x(t) = x1(t) + x2(t) (iii)

(22)

This reveals the mechanistically meaningful parameters: G, T, ζ and ωn,
which are, respectively, steady state gain and time constant of the ‘main
model’; and the natural frequency and damping ratio of the ‘additive oscilla-
tory model’. A block diagram of the main deterministic parts model, which
may be more understandable to readers who have not used Simulink, is shown
in figure 5. The GTA response of the model (17) to the TRF is shown by

TRF GTA+

x2(t)

u(t)

G
1+Ts

τ

x1(t)

x(t)

Main Model

Additive
Oscillatory Model

CS = 3.7G

b20s
s2 + 2ζω ns+ω n

2

G = 0.618; T = 19.3 y;CS = 2.29; b20 = 0.0067; τ = 17.5 y

        ω n = 0.0181 c/y; (period 55.3 y);ζ = 0.036

Figure 5: Block diagram of the final DBM model (17).

the full red line in figure 6 Also shown in this figure are the two components
x1(t) (dash-dot red line) and x2(t) (black line raised by 0.7oC for clarity).
Here, the first component x1(t) is the output of a first order TF. Referring
to the previous equations (8) and (9), we see that this TF has a steady-state
gain G = 0.0320/0.0518 = 0.618 and a time constant T = 1/0.0518 = 19.3
years. It is widely accepted that the climate sensitivity is defined as the ra-
diative forcing required for a doubling of CO2 and this is likely to be about
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Figure 6: The output of the final DBM model (red full line) compared with
the GTA data. Also shown are the component states x1(t) (red dash-dot
line) and x2(t) (black line), which is raised by 0.7oC for clarity.

5.35 loge(2) = 3.7 Wm−2 (Myhre et al., 1998). Consequently, the climate
sensitivity in this case is ECS = G× 3.7 = 4.15 oC/(W/m2). These param-
eters define the response of model to a step input of 3.7 W/m2, as illustrated
in figure 7, which can be compared with step response shown in the right
hand panel of figure (5) showing the similar step response of the initial model
(11), except that the small periodic component is now much larger because
the initial condition equation is no longer required (see previous discussion).
Note how the oscillations in x2(t) are: (i) decaying slightly as time progresses
because there is no further TRF input to excite them; (ii) have a zero mean
value, so that x2(t) oscillates continually with similar positive and negative
excursions about x1(t); and (iii) that this does not affect the underlying x1(t)
response, nor the final equilibrium level of x(t). Note also the dotted lines
in figure,7. These show the response to a ‘ramp-step’ TRF input, where the
initial TRF increases as a slow ramp before levelling at 3.7 W/m2 after 335
years, revealing how the amplitude of the x2(t) oscillations are also a func-
tion of how the input changes: equation (22) is a stochastic oscillator but
the oscillatory output it produces will only be sustained provided there are
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Figure 7: DBM model response to step-like changes in the total radiative
forcing input applied after 150 years: (i) a sharp 3.7 W/m2 step change; and
(ii) a much more gentle ramp-step change to the same final level.

sufficient changes in the input to continually stimulate them. This affects
the response of the model in hypothetical scenario analysis and forecasting,
as discussed later in section 4.

The only parameter in (17) that is not estimated well, with standard er-
ror larger than the estimated value, is â21 (see (31)). Here, the estimated
standard error of 0.013 is very much larger than the estimated parameter
value of 0.0082, which is extremely close to zero. The implications of this
uncertainty on the interpretation of the oscillatory behaviour of x2(t) in fig-
ure 6 are discussed in section 3.7.2. The uncertainty arises mainly because it
is the parameter that controls the damping of equation (17)(ii) (see previous
equations (8) and (9)), with this very small value making equation (17)(ii) an
almost undamped oscillator that explains the sustained sinusoidal response
of x2(t). However, setting it exactly to zero results in a poorer model so,
although it is not well defined, this parameter is important to the full model
dynamics. In effect, equation (17)(ii) is a stochastic oscillator whose oscil-
lations are maintained by the random perturbations to the system (see also
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the first sentence in section 3.5).
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Figure 8: The top two panels show the sequential estimates â11(k) and b̂10(k)
of the two TF model parameters a11 and b10 in equation (17)(i). The bottom
two panels show the associated sequential estimates of the climate parameter
estimates ˆECS(k) and T̂ (k)

.

It is often worth considering how well the parameters are converging over
time using sequential estimation, where the parameters are re-estimated at
every sampling instant based on all of the data up to that sample7. The
top two panels of figure 8 show the sequentially updated estimates, â11(k)
and b̂10(k), of the two parameters a11 and b10 in equation (17)(i) over the
period 1915 to 2015, based on data from 1856. These define similar estimates
of the two climate parameters ˆECS(k) and T̂ (k) shown in the bottom two
panels8. Note particularly how the sequential estimates ˆECS(k) and T̂ (k) are

7This is an algorithmically inefficient form of recursive estimation (Young, 2011) (which
cannot be used with the Simulink model), where the re-estimation involves complete re-
optimization at each update.

8Note that there are no standard error bounds shown on the bottom two panels in
figure 8 because this would have required computationally very expensive MCS analysis
at every recursive update.
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very volatile up to about 1950 but stabilize thereafter for 65 years, showing
relatively consistent estimation of these two important climate parameters
over this most recent period of time.

It seems likely that this stabilization of the sequential estimates is primar-
ily because the data are more accurate and trustworthy over this period; and
also that, after about 100 years, there is then sufficient data to provide a rea-
sonable estimate of the oscillatory component x2(t). This is confirmed by the
similar stabilization of the sequential estimate of the natural period shown
in the left lower panel of figure 9. However, bearing upon the discussion
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Figure 9: The top two panels show the sequential estimates the climate
parameters EHC and λ (see section 3.7.1). The bottom two panels show the
sequential estimates of the parameters associated with the oscillatory state
x2(t): the period, Pn, and the damping ratio ζ.

above about the uncertainty in the b21 parameter, note how the convergence
of the damping parameter ζ, in the lower right hand panel of figure 9, is
much more volatile and indeterminate, with no signs of stabilization. The
top two panels of figure 9 show that the sequential estimates of the other
climate parameters Effective Heat Capacity (EHC) and λ, as discussed later
in section 3.7.1. Since these parameters are closely related to the estimates
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of T and ECS, it is not surprising that they also stabilize well after 1950.
Finally, it is interesting to note the relatively small but noticeable changes

in the sequential estimates of these and all of the other parameters that
occur after 2000. Presumably, these are associated with the ‘levelling’ that
occurred after the start of the new Millenium (see sections 1, 3.2 and later
section 3.7.2).

3.3 Monte Carlo Analysis and Uncertainty

An important aspect of stochastic models is the evaluation of the uncertainty
in the parameters and the output response. The optimal estimation proce-
dure yields the error covariance matrix of the directly estimated parameters;
and the square root of its diagonal elements provides the estimated standard
errors on the parameters shown in equation (31). But the most important
parameters in the present climate context are those that have a mechanistic
interpretation, most importantly the global equilibrium climate sensitivity
ECS and the time constant T , both of which have to be derived from the
directly estimated parameters.

As in previous sections, the easiest way to estimate the uncertainty in
these derived parameters is MCS analysis using the estimated covariance
matrix to generate random realizations of the directly estimated parameters
that are then entered into the equations for the derived parameters in order
to generate realizations for these. As we shall see, such MCS analysis can also
involve generating random realizations of the model responses, from which
the uncertainty in these responses can be evaluated as 95 percentile bounds.

The main results of the MCS analysis for the DBM model (17)/(18),
based on 10000 realisations for the parameters and 5000 for the responses, are
presented in figure 10, †figure 11 and Table 2. figure 10 shows the normalized
sample distributions of the derived parameters ECS, T and Pn; and the
results are summarized in Table 2.

The second panel of figure 11 shows the mean GTA response of the DBM
model as a black line, with the 95 percentile bounds shown in grey. For
comparison, the simulated response of the estimated model x̂(t) is shown as
a red dash-dot line which, as expected, is virtually coincident with the black
line. The two lower panels show the mean and 95 percentile bounds for the
two components of x̂(t), with x̂1(t) in the upper panel and x̂2(t) in the lower
panel.

It is clear from these results that the model is statistically well defined

26



2 2.5 3
Global Equilibrium Sensitivity, CS (oC)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

R
el

at
iv

e 
Fr

eq
ue

nc
y

15 20 25 30
Time Constant, T (years)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

R
el

at
iv

e 
Fr

eq
ue

nc
y

45 50 55 60 65 70
Natural Period, Pn (years)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

R
el

at
iv

e 
Fr

eq
ue

nc
y

Estimated value=2.29oC
Median estimate=2.29 oC

95 percentile range
2.11 to 2.48oC

Estimated value=19.3 years
Median estimate=19.3 years

95 percentile range
16.4 to 23.2 years

Estimated value=55.3 years
Median estimate=55.3 years

95 percentile range
51.6 to 60.0 years

Figure 10: Uncertainty in derived parameters ECS, T and Pn obtained by
MCS analysis with 10000 realizations.

Parameter Estimate Lower 2.5% Bound Upper 97.5% Bound
ˆECS (oC) 2.29 2.07 2.53

T̂ (years) 19.3 16.1 24.2

P̂n (years) 55.3 51.0 61.1
λ̂ (years) 1.62 1.46 1.79
Ĉ (years) 31.2 26.1 38.7

Table 2: MCS results for the Final DBM Model based on 10,000 random
realizations defined by the estimated error covariance matrix (for definitions
of the λ and C parameters, see later section 3.7.1).

and provides a reasonable explanation of the GTA series. The component
state x̂1(t) obviously provides the main and most obvious response to the
TRF stimulus. The second component state x̂2(t) is less obvious but, given
the uncertainty in the estimation of long cycle behaviour from short time
series, its estimated period of 55.3 years is quite similar to the 62.5 year
period associated with the peak in the AR(23) spectrum of AMO series that
is considered in the next sub-section.
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Figure 11: Uncertainty in the responses of x(t), x1(t) and x2(t) in the final
DBM model, obtained by MCS analysis with 5000 realizations.

3.4 Uncertainty in the TRF

The previous sub-sections have concentrated on the effects of the uncertainty
in the DBM model parameters. It is difficult to assess the uncertainty in the
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TRF input signal because this is a series constructed by climate scientists
based on numerous sources of data. However, in the previous forecasting
paper (Young, 2018), a DHR model for TRF was used to forecast its future
behavior and its consequent effect on the GTA forecasts. This model includes
the estimated uncertainty in the TRF when considered as a univariate time
series and this can be utilized to evaluate its effect on the estimation of the
DBM model parameters by MCS analysis and compare the estimates of the
derived parameters with the those shown previously in Table 2.

DHR modeling of time series (see Young et al., 1999; Young, 2011, for
a description of this method) is carried out using CAPTAIN routines and
based on the AIC identified autoregressive spectrum of the time series. In
this case, the aic routine in CAPTAIN identifies an AR(7) model for the
TRF series and the arspec routine is then used to identify the peaks in the
AR(7) spectrum that identify the number of terms in the DHR model. The
dhropt routine then identifies the optimum hyper-parameters required by the
dhr routine (noise variance ratio ‘nvr’ and ‘alpha’ parameters that define the
Generalized Random Walk (GRW) model for the time-variable parameters
in the identified DHR model). Finally, the dhr routine uses these optimum
hyper-parameters to estimate the components in the DHR model, the sum
of which provides the required estimate of the TRF time series.

In the case of the TRF model, there is a long period component, associ-
ated with the trend T (k) in the data that represents the main movements of
the TRF series; and two main peaks in the AR(7) spectrum that characterize
the deviations about T (k). Consequently, the DHR model takes the form:

u(k) = T (k) +
2∑
i=1

{a(i, k) cos (ωik) + b(i, k) sin (ωik)}+ ξ(k) (23)

where the a(i, k) and b(i, k), I = 1, 2, are time variable parameters, each
modelled as a GRW process; while ξ(k) are the residual errors. The optimized
hyper-parameters provided by the dhropt routine are nvr=[0.273 0.763 0.119]
and alpha=[0.440 0.857 0.90]. The resulting estimated components from dhr
are plotted in the lower panel of figure 12 and, when these are summed
together according to equation (23), they produce the model estimate of the
TRF series and the associated uncertainty bounds, show in the top panel of
figure 12.

Given the DHR model for the TRF, MCS analysis can be carried out
where, for each realization, the DBM model is re-optimized using a TRF in-
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Figure 12: Estimated components of the DHR model for the TRF series.

put based on the DHR model (23), with additive noise based on the estimated
uncertainty bounds shown on the top panel of figure 12. This is computa-
tionally intensive analysis because of the optimization being required at each
realization, so only 1000 realizations are used. The resulting estimates of the
derived parameters, shown in Table 3, are very similar to those in Table 2
and justify these previous estimates. The main difference is the confidence
interval on the oscillatory state x2(t), shown in the lower panel of figure 13,
which is significantly smaller that in the lower panel of figure 12. This is be-
cause the model is optimized for each realization of the MCS analysis, using
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Parameter Estimate Lower 2.5% Bound Upper 97.5% Bound
ˆECS (oC) 2.29 2.07 2.64

T̂ (years) 19.9 15.0 26.0

P̂n (years) 55.5 52.1 58.4
λ̂ (years) 1.62 1.40 1.82
Ĉ (years) 32.0 25.6 39.8

Table 3: MCS results for checking the Final DBM Model estimates using
additive noise on the TRF. Based on 1000 stochastic realizations

the latest realization of the TRF input; whereas in the earlier analysis, there
is only one optimization of the DBM model parameters, using the nominal
TRF series as the input, and all the realizations are based on this. This leads
to full evaluation of the uncertainty of the parameters of the DBM model
and more low-damped realizations of the volatile x2(t) state that lead to the
larger confidence interval. For this reason, it is better to consider the results
in figure 12 and table 2 as providing the best estimate of the uncertainty in
the DBM model, while the results in figure 13 and table 3 are a check on the
reliability of the derived parameter estimates in these earlier results.

3.5 Adding a Model for AMO

Schlesinger and Ramankutty (1994) suggest that there are three possible
sources for the AMO signal: (i) random forcing, such as by white noise
evoking a coloured signal response; (ii) external oscillatory forcing, such as
by a variation in the solar constant; and (iii) an internal oscillation of the
atmosphere-ocean system. They reject the first two possibilities and conclude
that the most probable cause of this oscillation is an inherent internal oscil-
lation of the atmospheric-ocean system. This seems a reasonable argument
and so it makes sense to consider how the AMO oscillations can be modelled
in a way that links them with the model (17).

Visually, the quasi-cycle in AMO series has long term oscillatory be-
haviour that is similar to that of the x2(t) component of the DBM model
(17), with some phase lag. This is confirmed by the cross correlation function
between the two series shown in figure 14, where the maximum correlation
is a clearly significant 0.61 and there is an obvious lag of several years, Fi-
nally, the AIC identified AR(24) spectrum of the AMO, shown in figure 15,
is dominated by a peak at a period of 62.5 years. The logarithmic scale is
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Figure 13: Stochastic simulation results from the final model, including un-
certainty on TRF and based on 1000 stochastic realizations

misleading because this is by far the main component. This is revealed most
graphically in figure 16, which shows the results of Dynamic Harmonic Re-
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Figure 15: AIC identified AR(24) spectrum of the AMO series.
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gression (DHR) analysis based on the AIC identified AR(24) spectrum (see
e.g. previous section 3.2). The plot compares the the first component and
the sum of the first two components with the AMO series, where the second
largest component has a period of 9.6 years. It is clear from this that the
first component is predominant, with the second component adding only a
small amount to the total. All of the other 9 components are much smaller
and can be considered as low level coloured noise. (24).
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Figure 16: Comparison of the primary component of the AMO signal (black
line) with the sum of this and the second largest component (red line) and
the AMO series. The red dash dot line is the simulated output of the AMO
model (24).

It makes sense, therefore to see if the two series can be related dynamically
by a TF model; and the CAPTAIN rivcbjid routine identifies the following
[2 2 τ 1 0] model:

x3(t) =
b30s+ b31

s2 + a31s+ a32
x2(t− τ)

y3(k) = x3(k) + ξ(k)

ξ3(k) =
1

1− c1z−1
e(k) e(k) = N (0, σ2

3)

(24)
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Figure 17: Model between component state x2(t) (upper panel) and AMO
(lower panel) with model response shown as a red line.

where the estimated parameters are as follows, with the standard errors
shown in parentheses,

â31 = 0.0031(0.0083); â32 = 0.0047(0.0006); b̂30 = 0.0806(0.036)

b̂31 = −0.0140(0.0032); τ = 2 yrs; ĉ1 = −0.379(0.074);σ2
3 = 0.013

(25)

This model explains the AMO series reasonably well, with R2
T = 0.52, as

shown in figures 16 and 17.
The model (24) has a natural frequency ωn = 0.011 cycles/year (period

91.5 years) and low damping ratio ζ = 0.023. However, it can decomposed
by standard block diagram algebra, using the CAPTAIN routine TFdecomp,
into the feedback connection of first order TFs shown at the bottom of the
Simulink diagram figure 28, where a = 0.1772; b = −0.0806; c = 0.4413; d =
−0.1741. This means that the TF in the upper, forward pass TF is a stable
first order TF with steady state gain of 0.455 and time constant of 5.64 years;
but the lower, positive feedback TF is an unstable first order system with
steady state gain of 2.54 and time constant of -5.74 years (where the negative
sign indicates the time constant associated with the exponential instability).

It is the feedback mechanism that leads to the low damped oscillatory
nature of the model. It seems unlikely, however, that the feedback decompo-
sition has any direct physical interpretation in this case, it is simply showing
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Figure 18: Stochastic simulation results from the final model described by
equations (17) and (24), based on 5000 stochastic realizations.

that the two variables can be related dynamically. But this is discussed
further in section 3.7.3.

Finally, figure 18 shows the results from the full DBM model, i.e. the
combination of the model (17) and the above AMO model TRF, which is
the only forcing input to the model, is plotted in the top panel. Below this
are plots of the deterministic model outputs and the 95% bounds on these
obtained from the results of Monte Carlo analysis, based on the uncertainty
in the model parameter estimates and the identified noise on the observations.
The model GTA response is compared with the measured GTA in the middle
plot; and the model AMO response is compared with the measured AMO
in the lower panel. This AMO response is generated from the internally
generated cyclic variable through the identified second order system (24), so
again this AMO response derives only from the TRF input.

36



3.6 How accurate are the ECS Estimates?

The previous sections have yielded estimates of the main climate parameters:
most importantly in the present context, the global sensitivity and the main
time constant, as well as the uncertainty in these estimates. It is impor-
tant to realize, however, that these estimates are based on only 160 annual
measurements of the TRF, GTA and AMO. Given this limited data size,
therefore, it is important to consider whether these estimates of the climate
parameters can be considered reliable.

In order to get some insight into the nature of parameter estimates for
small sample sizes, a Matlab version of the MAGICC emulation model (see
Young, 2018, 2019)9, which has a known global equilibrium sensitivity ECS =
4.17oC, has been used to simulate data that is then used to estimate the
climate parameters. Figure 19 shows the data generated in this manner.
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Figure 19: Response of the MAGICC model to a 3.7 W/m2 step change in
total radiative forcing.

The black line is a step input change of 3.7 W/m2 in the TRF, while the red
9This recently updated report cited here can be downloaded from http:

//captaintoolbox.co.uk/Captain_Toolbox.html/Publication_Downloads.html
as HIDBM_Climate2.pdf.
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line shows the response of the MAGICC model to this input stimulus. The
step input is used here because it is known to excite dynamic response at all
frequencies and so should be ‘sufficiently exciting’ for the present purposes,
although it is not ‘persistently exciting’ (see the discussion on this in section
8.6.4 of Young, 2011) .

Using the input-output data in figure 19, with a small amount of coloured
noise added to the output series to give it some resemblance to reality, 5th
order continuous-time TF models were estimated recursively over a progres-
sive range of observation intervals, from a starting point at sample 160 years,
then every subsequent year, up to 3000 years, based on all the preceding
data. The recursive estimates of ECS and the longest of the five time con-
stants TC, as obtained in this manner, are plotted in the two panels of figure
20. In the left hand panel, we see that that the ECS estimate starts at a
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Figure 20: Progressive estimates of the MAGICC model global equilibrium
climate sensitivity ECS (left panel) and the slowest time constant, TC (right
panel).

value of 3.7oC is then very volatile at first but finally reaches the true value
of ECS=4.17oC after about 550 years. Similarly, the estimate of TC starts
around 450 years and eventually reaches a relatively stable estimate of 672
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years, again after about 550 years. In both cases, reasonably acceptable esti-
mates of the parameters are available after about 440 years but for data size
less than this, the estimates are very volatile.

These simulation results show that the information content in the data up
to about 440 years of its transient behaviour is not sufficient to reveal with
any accuracy the long term characteristics of this simulated system, on which
the estimation of the global equilibrium sensitivity depends. In this regard,
figure 20 can be compared with figure 8 in section 3.2, which shows that the
estimates of the same climate parameters associated with the DBM model
(17). These appear to have converged reasonably after 94 years in 1950,
or about 59% of the total 160 year sample size, where the estimated time
constant is about 19 years, and there is not very much change after this. This
convergence is similar to that in the case of the MAGICC emulation model
where similar convergence has occurred after 450 years, for a total sample
size of 700 years, or 64% of the total, where the estimated time constant
about 680 years.

Given the above results, it can be assumed that the estimate of ECS =
2.29oC, as provided by the DBM model (17), represents a reasonable estimate
of the climate sensitivity in 2015, based on the available globally averaged
climate data up to this date. Although such DBM models are able to forecast
very well in the short to medium term (see the forecasting results in Young,
2018), it should not be assumed that they can reliably predict the very long
term behaviour of the climate system, as emphasized in this reference. This
is not, however, a real disadvantage of the DBM models because, unlike the
more classical climate AOGCM models, they are intended mainly to be used
in forecasting, control and climate management applications that relate to
the short or medium term (i.e., no more that about 50 years or so into the
future).

Of course, it is important to emphasize that, if there is a possibility that
the ECS is not reliably estimated on the basis of the available globally aver-
aged data using the parametrically efficient models used in this report, it is
almost certainly not identifiable on the basis of any currently available data
at the global level. Consequently, any cited estimates of the ECS should
be treated with some circumspection. Certainly, it is not wise to make hy-
potheses about future surface temperatures in the longer term based on such
estimates. Moreover, it is unlikely, considering the historical evidence that is
available about the past climate, that such equilibrium conditions will ever
be achieved: the climate has clearly changed in the past and it is likely that
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it will continue changing into the future.

3.7 Mechanistic Interpretation of the DBM Model

An important part of the DBM approach to modelling is the requirement that
the identified model can be interpreted in physically meaningful terms and
is not just a ‘black-box’ model that does no more than explain the available
data in a statistically satisfactory manner. This section considers, therefore,
the two parts of the DBM model (17) in turn: first, the easily interpretable
equation (17)(i) relating the total radiative forcing to the changes in global
average surface temperature; and second, equation (17)(ii), which is much
less easy to interpret. Finally, the additional TF model (24) describing the
relationship between the second oscillatory state x2(t) and the AMO variable
is considered in subsection 3.7.3.

3.7.1 The Main model: State x1(t)

The mechanistic interpretation of the main first order TF in equation (17)(i)
of the DBM model is straightforward and has been discussed in previous sec-
tions. In particular, it is a first order TF with a steady state gain G = 0.618
and time constant T = 19.3 years. The Climate Sensitivity, ECS is defined
as the equilibrium temperature achieved by this model when subjected to a
doubling of CO2, which is equivalent to an increase in radiative forcing of
3.7W/m2. Consequently, ECS = 3.7G = 2.29oC and, as we have seen in
Table 2 of section 3.3, the 95% uncertainty range on this estimate is 2.11 to
2.48 oC. The same uncertainty range for the time constant T is 16.5 to 23.2
years about the mean value of 19.3 years.

But how can the physical nature of the model be interpreted? A simple
energy-balance model of the climate system temperature response to changes
in radiative forcing that has been suggested a number of times in the climate
literature (see e.g. Andrews and Allen, 2007) is the following first order dif-
ferential equation:

C
dT (t)

dt
= F (t)− λT (t) (26)

or in TF terms:

T (t) =
1
C

s+ λ
C

F (t) (27)
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where C is a constant Effective Heat Capacity (EHC) per unit area; T (t) is
the change in the the global-mean surface temperature; F (t) is the TRF;
and the constant λ represents ‘feedback processes’ within the global climate
system. This equation can be compared directly with (17)(i) and we see that
C = 1/b10 = 31.2 and λ = Ca11 = a11/b10 = 1.618. In the context of the
present paper, the steady state gain G = 1

λ
and the time constant T = C

λ
,

which Andrews and Allen call the Feedback Response Time (FRT).
One advantage of the present analysis, in relation to that of Andrews

and Allen, is that we are able to evaluate the uncertainty in the EHC and
λ parameters estimates and the MCS generated distributions for these pa-
rameters are shown in figure 21, where we see that the 95 percentile range
of the EHC per unit area is from 24.8 and 36.7, while that for λ is from 1.38
to 1.92. The figures can be compared with those obtained from Table 1 of
Andrews and Allen that presents these measures using data from a set of 18
AOGCMs used in the IPCC Working Group 1 Fourth Assessment Report,
Chapter 8 (Randall et al. (2007)). The mean and two standard deviations
(95% bounds) for the ECS are 2.95(1.92); and for T are 30.3(17.4), which can
be compared with the above DBM model results which, in the same format,
are 2.29(0.74) and 18.4(5.8).

Finally, it is worth noting the similarity of the above models and those
obtained using the DBM approach for modelling the climate in agricultural
buildings (see e.g. Price et al., 1999; Young et al., 2000). In this case, the
models are obtained from data collected in planned experiments using a large,
instrumented chamber that allowed for validation of the model; a procedure
that is not, of course, possible in the present context, where we are limited
to the analysis of data collected during the normal functioning of the global
system.

This study of mass and energy transfer in the chamber showed that a
simple first order equation of this same kind (see equation (9) in Price et al.,
1999) was able to accurately model the changes in temperature and abso-
lute humidity at any location in the chamber, a well as demonstrating the
imperfect nature of the mixing. In particular, it was found that the concept
of an Active Mixing Volume (AMV), developed by Young and Lees (1993)
was applicable to the chamber, with the AMV and the associated Dispersive
Fraction (DF: the ratio of the AMV to the total volume of the chamber)
quantifying the level of the imperfect mixing, with DF values considerably
less than 0.5, so that the volume of air actively involved in mixing was less
than half of the chamber volume, with the rest composed of ‘dead-zones’
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Figure 21: Uncertainty in derived parameters C and λ obtained by the MCS
analysis.

(Beer and Young, 1983).
This same type of AMV model has also been used successfully to char-

acterize imperfect mixing process that dominate solute transport in rivers
and soils (Beer and Young, 1983; Wallis et al., 1989; Beven and Young,
1988; Young and Wallis, 1993), as well as the micro-climate of horticultural
glasshouses Young et al. (1994). It seems reasonable, therefore, that a similar
AMV interpretation can be applied to simple climate models, such as those
above.

More nteresting from the current climatic perspective, however, the DBM
model of the chamber was identified from the experimental data as a second
order system; one that could be decomposed into a feedback connection of
two first order systems with quite different time constants (where the time
constant is defined in this context as the ratio of the AMV to the air flow
rate). In particular, the system in the feedback path had a much longer time
constant that had not been identified at all during the previous model for-

42



mulation. This previous analysis had employed a conventional hypothetico-
deductive approach, based on standard heat transfer theory, in which the
chamber was considered as a single ‘mixing box’, with a volume equal to
that of the whole chamber (i.e complete mixing).

It was established that the additional feedback mode of heat transfer in
the chamber related physically to a ‘double-glazing’ buffer zone constructed
around the chamber in order to minimize the disturbance of airflow within
the chamber by heat conduction from the laboratory. This was incorporated
during the construction of the chamber but not thought to affect the heat
transfer from this buffer zone into the chamber very much and so it was not
considered in the model.

As we shall see in the next sub-section 3.7.2, there is a clear analogy here
with a feedback decomposition of the oscillatory mode TF in (3.2.1)(ii), a
mode of behaviour that has not, apparently, been included in climate models
heretofore and can be interpreted, hypothetically, in terms of heat energy
transfer between the atmosphere and the ocean.

3.7.2 The Main Model: Oscillatory State x2(t)

As pointed out in section 3.2, the oscillatory state x2(t) has an estimated
period of 55.3 years, with a 95 percentile range between 51.6 and 60 years.
Most significantly in climatic terms, the recession periods of this oscillation
coincide and, therefore, are used in the model, to explain the climate shifts
(‘pauses’ or ‘levelling’) in the generally upward trend of the GTA.

The potential importance of quasi-cyclic behaviour with a period of around
50-70 years has been known for some time. For example, ? applied singular
spectrum analysis to four global-mean temperature records and identified a
temperature oscillation with a period of 65-70 years. They concluded that

“the 65-70-year oscillation is the statistical result of 50-88-
year oscillations for the North Atlantic Ocean and its bound-
ing Northern Hemisphere continents. These oscillations have
obscured the greenhouse warming signal in the North Atlantic
and North America. Comparison with previous observations and
model simulations suggests that the oscillation arises from pre-
dictable internal variability of the ocean-atmosphere system”.

Moreover, as discussed in the next section 3.7.3, the AMO variable and
other multidecadel oscillatory phenomena that have been measured by cli-

43



mate scientists, could be redolent of a complex internal energy exchange
mechanisms that are giving rise to significant quasi-cyclic behaviour in the
ocean-atmosphere system that may be related to the oscillatory x2(t) state
variable.

Some insight into the nature of the x2(t) model can be obtained by look-
ing once more at the second order TF model (18)(ii). As in the case of the
experimental chamber discussed in the previous sub-section and the AMO
model in section 3.5, this model can be decomposed into the feedback con-
nection of two first order TF components, as shown in figure 22. This can
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Figure 22: Decomposed block diagram of the model for x2(t).

be represented alternatively in the following state space form:

T1
dx2
dt

= −x2(t) +G1{u(t− τ)− x21(t)}

T2
dx21
dt

= −x21(t) +G2x2(t)

(28)

where x21(t) is the ‘feedback path’ variable. The estimates of the parameters
are:

G1 = 0.8214; T1 = 121.9 yrs; G2 = 1.913 (29)

This is a negative feedback system where the feedback path consists of a sim-
ple integrator with gain G2 = 0.1.913, so that the global average temperature
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change is having a cumulative effect within this feedback system. The overall
effect of this negative feedback mechanism, with the long time constant of
121.9 years in the forward path and the integrator in the feedback path, is to
create the oscillatory mode of behaviour that is so important in explaining
the subtle oscillatory temperature changes observed in the GTA. In other
words, the combination of the gains and time constants in the two boxes is
creating some form of heat energy exchanges that promotes the oscillatory
nature of the response.

Given no further information, one can only speculate on the physical
nature of this oscillatory heat exchange mechanism. The presence of the
integrator in the feedback path suggests that this feedback part of the system
relates to mixing processes that are very long term, suggesting that these are
probably occurring slowly in the global oceanic system, which is accumulating
the effects of the changes on the globally averaged temperature. Thus we
could consider this interchange of energy between the atmosphere and the
ocean, and vice-versa, as a physical process that, over the past 160 years, has
sustained the oscillatory movements in x2(t) and so caused fairly regular,
periodic changes in the GTA, one of which caused the levelling in the GTA
after the start of the new Millenium.

It is important to stress, however, that the estimates in (29) are not well
defined statistically: they are derived from the following estimated parame-
ters in (31),

b̂20 = −0.000045(0.0006); b̂21 = 0.00684(0.0058)

â21 = 0.00885(0.0143); â22 = 0.0128(0.0016)
(30)

one of which, â21, as pointed out previously in section 3.2.1, has a large
standard error relative to its estimated value. Indeed, only â22, which defines
the natural frequency and period of the oscillation, is estimated well (t-
statistic=8), as shown by the histogram of the period in figure 10. It is not
surprising, therefore, that MCS analysis yields unsatisfactory results, with
all the parameters in the decomposed model having very large percentile
bounds, even when any obvious outliers caused by instability are removed,
as shown in Table 4:

Of course, an alternative approach to modelling the system in this decom-
posed form is to estimate the parameters directly in this form using a similar
optimization methodology to that employed in section 3.2.1, with a modified
Simulink model including the decomposed TF to generate x2(t). However,
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Parameter Estimate Lower 5% Bound Upper 95% Bound
T̂1 (years) 122 30 425

Ĝ1 0.82 0.04 2.6

Ĝ2 -1.91 -6.88 -0.81

Table 4: MCS results for the Initial DBM Model based on 10, 000 random
realizations defined by the estimated error covariance matrix.

this is not so straightforward because it is found necessary to constrain one
parameter and one initial condition (which is poorly estimated and close to
zero) in the decomposed TF in order to avoid ambiguity in the estimation
(i.e. infinite confidence intervals) and obtain reasonable standard errors on
the remaining parameters. For instance, taking the reasonable step of con-
straining the gain G1 to be equal to the gain in the main TF (i.e. b10/a11),
so that ECS for the oscillatory TF is also the same) yields the following
parameter estimates:

â11 = 0.0491(0.0049); b̂10 = 0.0303(0.0029); T̂1 = 150(158)

Ĝ2 = 2.495(2.083); ĉ1 = −0.211(0.078); σ̂2 = 0.008

ÎC1 = −0.335(0.0.072); ÎC2 = 0; ÎC3 = −0.479(1.237);
(31)

Even with these constraints, however, we see that the parameters of the
decomposed TF (T1 and G2) have large standard errors so, although the
model explains the data well with R2

T = 0.898 and obtains an estimate of
ˆECS = 2.285 close to the 2.288 of the model (18), it cannot be considered

fully satisfactory from an estimation standpoint.
Considering the above results, we can be confident that the oscillatory

state is present and playing an important part in explaining the changes in
the GTA. Moreover, the decomposition into to the feedback system is unique
and the interpretation in this decomposed form, with an integrator in the
feedback path, makes good physical sense. However, while the parameters in
the oscillatory state equation, except b21, are estimated well in the originally
identified model form (18), we see above that this is not the case with the
decomposed version of this model and the values of the decomposed system
have to be considered with more circumspection. It is clear, therefore, that
more research is required to interpret the nature of the heat energy exchanges
that are suggested by this decomposed model.

Finally, as regards the estimation of the climate parameters, it should be
noted that, while the oscillatory state x2(t) is important in explaining the
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GTA data, its does not affect the estimation of the climate sensitivity ECS
because the oscillatory behaviour it introduces has a mean value that is very
close to zero, with the positive and negative movements of the oscillations
cancelling out in the long term (see also the comments in this regard later,
in section 4). Of course, although its variations do nota affect the estimation
of the ECS, its presence does lead to differences in the estimated value of
ECS. For example, if the model is estimated by rivcbj without this oscillatory
component, the estimates of the parameters a11 and b10 (with the standard
errors in parentheses) and the associated estimate of the ECS are:

a11 = 0.0713(0.0144); b10 = 0.0421(0.0064);ECS = 2.18 (32)

which can be compared with the final model estimates:

a11 = 0.0518(0.0053); b10 = 0.0320(0.0032); ECS = 2.29 (33)

where it will be noted that the standard errors on the final model are con-
siderably smaller than in the simpler model without the stochastic oscillator
equation.

3.7.3 The AMO State x3(t)

The AMO model and its connection with the other components is not easy
to interpret in mechanistic terms. The Bode diagram (gain and phase plots
vs frequency) suggest that it is most likely that the model could be just ad-
justing the gain and phase of the x2(t) signal so that it matches the AMO
signal. It is less likely that the feedback decomposition shown in the Simulink
digram (see figure 28 in Appendix B) has any physical interpretation. How-
ever, the AMO is one of various major climate modes (e.g. others are the
Pacific Decadal Oscillation (PDO), the North Pacific Index (NPI), and the
El Nino/Southern Oscillation (ENSO)) and these may all be connected in
some way. For instance these modes may interact and resonate with each
other in a variable manner, so that the oscillatory state x2(t) in the main
DBM model (17) is the product of such interaction, as seen in the global
surface temperature changes.

The possibility of interaction and resonance is discussed in Swanson and
Tsonis (2009) who conclude that, if the coupling between the modes increases,
the existing synchronization could collapse and the climate might emerge in
a new regime represented by a shift in the temperature trend. This seems

47



a reasonable hypothesis if it is assumed that the global system is nonlinear
with feedback processes and ‘teleconnections’. In which case, we should view
the AMO model in equation (24) as simply an explanation of the data over
the 1856-2015 period and should not consider this necessarily as behaviour
that will continue into in the future.

Nevertheless, the unprejudiced identification of such sustained oscillatory
mode, with a period in the 95 percentile range of 51.6 and 60 years, suggests
that there is, within the global climate system, a mechanism that is sustaining
such cyclic or quasi-cyclic behaviour; behaviour that, if our hypothesis of the
a relationship between the oscillatory state x2(t) and the AMO is correct,
is related to the observable changes in the upward trend of global warming.
It also suggests that there is a clear and urgent need for more research on
this topic that might be able to find a physical explanation for this observed
behaviour.

3.8 Other Models

Other linear differential equation models are possible, in the sense that they
explain the data well. For instance, given that the models discussed in pre-
vious section relate the TRF input to the GTA and the quasi-cyclic changes
in the AMO, it is possible to consider the direct modelling of the GTA with
three inputs: u1(t)=TRF, u2(t) =AMO and an input uIC to handle the ini-
tial conditions, as in all previous models. Or we could add other inputs,
to see if they could help to explain the data better, such as the Southern
Oscillation Index (SOI), a plot of which is shown in figure 23. The SOI
index defines the changes in the El-Nino-Southern Oscillation (ENSO), an
irregularly periodic variation in winds and sea surface temperatures over the
tropical eastern Pacific Ocean, affecting the climate of much of the tropics
and subtropics. Taking the SOI into consideration as an additional input
u3(t), the following common denominator model is identified and estimated
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Figure 23: The Southern Oscillation Index, 1866-2015.

using the rivcbjid routine:

x1(t) =
b01s+ b11
s+ a11

u1(t− τ);

x2(t) =
b02s+ b12
s+ a11

u2(t− τ)

x3(t) =
b03s+ b13
s+ a11

u3(t− τ)

y3(k) = x1(k) + x2(k) + x3(k) + ξ(k)

ξ(k) =
1

1− c1z−1
e(k) e(k) = N (0, σ2)

(34)

where the initial condition equation has been omitted, for simplicity, and
the estimated parameters are as follows, with the standard errors shown in
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parentheses,

â = 0.0254(0.0144); b̂01 = 0.0535(0.0240); b̂11 = 0.0201(0.0062)

b̂02 = 0.3177(0.0414); b̂12 = −0.0022(0.0085); b̂03 = −0.0036(0.0007);
b̂13 = −0.00086(0.0005); ĉ1 = −0.2526(0.0794);σ2 = 0.0047

(35)

This model explains the data very well with an R2
T = 0.94 that is somewhat

larger than the models estimated in previous sections. However, this is decep-
tive because the standard errors on some of the parameters are quite large,
particularly â11 which is critical in estimating both the ECS and T estimates
using MCS. In fact, the resulting percentile bounds have little meaning un-
less obvious ‘outlier’ estimates are removed. Table 5 below was compiled by
eliminating all ECS estimates outside the range 0 → 15 and T outside the
range 0→ 500. MCS generated estimates of ECS and T together with their
95% bounds are shown in the upper two lines of Table 5; while the results
obtained without any outlier removal shown in the bottom two lines.

Treatment Parameter Estimate Lower 5% Bound Upper 95% Bound
Outliers ˆECS (oC) 3.44 2.38 10.50

removed T̂ (years) 64.0 26.1 237.4

Outliers ˆECS (oC) 3.44 −4.78 10.78

retained T̂ (years) 64.0 −246.1 340.3

Table 5: MCS results for the model (34) based on 10, 000 random realizations
defined by the estimated error covariance matrix.

While the linear models considered in the previous sections, unlike the
model (34), are able to explain the data adequately, with statistically well
defined climate parameters and reasonable mechanistic interpretations, it is
also tempting to consider nonlinear models. However, there are no clear signs
of nonlinearity in the data: e.g. the preliminary analysis of the data using
State-Dependent Parameter nonlinear modelling methods (see chapter 11 in
Young, 2011) produced little evidence of state-dependency in the parameters
and the explanation of the data was similar to that obtained with the purely
linear models. But this does not mean that nonlinear models are not feasible
and they provide a possible area of future research (see comments in the next
section).
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4 Hypothetical Scenario/Forecasting Analysis
Combining the models (17) and (24), the full DBM model can be written as:

x1(t) =
b10

s+ a11
u(t) (i)

x2(t) =
b20

s2 + a21s+ a22
u(t− τ) (ii)

x(t) = x1(t) + x2(t) (iii)

y(k) = x(k) + ξ(k) (iv)

ξ(k) =
1

1 + c1z−1
e(k) e(k) = N (0, σ2) (v)

x3(t) =
b30s+ b31

s2 + a31s+ a32
x2(t− τ) (vi)

y3(k) = x3(k) + ξ(k) (vii)

ξ3(k) =
1

1 + c1az
−1
e(k) e(k) = N (0, σ23) (viii)

(36)

Although this model has been identified primarily as a model that can be
used to obtain estimates for climatically meaningful parameters and their
implications on the climate dynamics, it can be used for other purposes. It
could be used for short to medium-term forecasting but the adaptive capa-
bility of the alternative forecasting model in Young (2014, 2018), probably
make it a superior tool in this regard.

One obvious application for the above model (36) is a tool for evaluating
possible future globally averaged surface temperature behaviour, based on
specified hypothetical emissions scenarios that affect the future behaviour of
the TRF input. Figure 25 shows the outcome of a typical exercise of this
kind based on the Representative Carbon Pathway (RCP) scenarios prepared
by the task group ‘RCP Concentrations Calculation and Data’ in the prepa-
ration of the IPCC Fifth Assessment Report (Meinshausen et al., 2011). The
four scenarios are defined by four different hypotheses about the future be-
haviour of the TRF from 2015 to 250010. Figure 24 is a plot of these scenarios,
each of which is used as totally deterministic, without any assumptions about
its uncertainty into the future. Without such uncertainty, the 95 percentile
bounds are based entirely on the estimated uncertainty in model parameters
and measurement noises ξ(k); and a single realizations of this noise variable

10source: http://www.pik-potsdam.de/~mmalte/rcps/
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Figure 24: The four Representative Carbon Pathway (RCP) scenarios used
for the analysis shown in figure 25.

is added to the simulated model output for scenario RCP3-PD after 2015,
in order to illustrate its effect. The 95% bounds are useful for illustrating
the uncertainty arising from the model alone and are presented here for this
purpose.

Of course, the confidence bounds would be much larger if the considerable
uncertainty associated with the future TRF was also taken into account, as
in short to medium term forecasting and control (emissions management)
applications, such as those discussed in (Young, 2006; Jarvis et al., 2008).
An application of this type that is similar to scenario analysis is ‘hypothetical’
forecasting, which investigates the possible future behaviour of the GTA that
might result from forecast changes in the TRF and its associated uncertainty
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Figure 25: DBM model responses to the four scenarios scenarios in figure 24.
Note that 95% confidence bounds are based only on the estimated uncertainty
in the model parameters and stochastic perturbations.

bounds, as in standard short to medium-term forecasting (see Young, 2018).
For example, and purely for illustration, figure 26 shows a hypothetical

stochastic projection of the DBM model output to 2200, shown as a full red
line, based on a forecast of the TRF input similar to that used in Young
(2018). The 95% confidence bounds for the full forecast, accounting for the
uncertainty in the TRF input forecast as well as the parametric uncertainty
in the model, are shown in light grey; while the darker grey bounds are those
dependent on the uncertainty in the estimated model parameters alone. From
the intersection of the forecast with the red dash-dot line, it can be seen that
it reaches a level of 1.5oC above the base GTA level (−0.375oC) at about
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Figure 26: Illustrative hypothetical forecast of the GTA, showing the effects
of the uncertainty arising from the parameter estimates, the additive noise
and the forecast uncertainty in the TRF input.

2066, or between 2044 and 2094 if the parametric uncertainty is taken into
account. Of course, the uncertainty is much greater in the full forecast case.
But again, it must be stressed that this example is purely for illustrative
purposes.

Finally, note that the different scenarios and the above hypothetical fore-
cast show little effect of the oscillatory state and so have have only a very
small effect on the AMO, which is not shown in the plots for this reason. This
lack of activity is for two main reasons. First, the future TRF inputs plotted
in figure 24 are very smooth, with only minor perturbations, in contrast to
the historical series which has significant activity caused by events such as
volcanic eruptions. Consequently, the stochastic oscillator is not continually
activated and its oscillations are much reduced, as discussed earlier in sec-
tion 3.2.1 and illustrated in figure 7. Secondly, any such perturbations are
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severely attenuated by the averaging process that is an inherent part of MCS
analysis.

5 DBM Models and Emission Management
If the DBM models identified and estimated in previous sections are ex-
tended to include a model between the emissions input and the atmospheric
CO2 component of the TRF input, then they are in an ideal form for use
model-based control system design. The details of a such a study have been
presented in a previous Technical Note11. Any method of model-based feed-
back control could be used to design a control system that adjusts the emis-
sions input so that the global temperature follows an acceptable trajectory
into the future, so providing guidance about the range and magnitude of
the emissions reduction that would be required to control temperature rise,
under the assumption that the control model is a reasonable representation
of the global temperature dynamics. An exercise of this kind carried out
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Figure 27: Model-based control of emissions to stabilize CO2 and global
temperature.

some years ago (Young and Jarvis, 2002) using a simpler, less well identified
11This report can be downloaded from http://captaintoolbox.co.uk/Captain_

Toolbox.html/Publication_Downloads.html as HIDBM_Climate2.pdf, but note that
some of the analysis therein has been superseded by that presented here.
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model developed at that time. Subsequently this approach has been used in
other studies of a similar nature (Young, 2006; Jarvis et al., 2008). Figure 27
shows the results of a studycarried out using the models identified in Young
(2018). We see that the emissions are adjusted so that the global average
surface temperature stabilises initially at 1.2oC and, much later, is reduced
to zero, following the ‘desired temperature’ specification.

6 Conclusions
This report has identified a low dynamic order, stochastic model relating the
Total Radiative Forcing (TRF) input to the Globally Averaged Surface Tem-
perature Anomaly (GTA) and the Atlantic Multidecadel Oscillation (AMO).
The estimated parameters in this model, together with their estimated co-
variance matrices, have provided the basis for Monte Carlo simulation anal-
ysis that has yielded estimates and 95 percentile uncertainty bounds for the
Climate Sensitivity, the dominant Time Constant (or ‘Feedback Response
Time’) and the Natural Period of an oscillatory component that appears to
explain the ‘climate shifts’ discussed in Swanson and Tsonis (2009) and Essex
and Tsonis (2018).

This oscillatory component has an estimated period of 55.3 years, with a
95 percentile range between 51.6 and 60 years. Most significantly in climatic
terms, the recession periods of this oscillation coincide with and, therefore,
are used in the model, to explain the climate shifts (‘pauses’ or ‘levelling’) in
the generally upward trend of the GTA. Moreover, the period of this oscilla-
tory component is not that different from the 62.5 year period of the AMO
and a second order model has been identified between the oscillatory compo-
nent and the AMO, suggesting a possible link between these two variables.

Clearly, further research is required to establish whether this latter AMO
relationship is physically meaningful and what dynamic mechanisms within
the complex global climate system might be leading to its influence on the
GTA, or vice-versa. Amongst the possible reasons are: the existence of an
underlying oscillation in the climate resulting from the interaction of other
quasi-cyclical phenomena, such as Pacific Decadal Oscillation (PDO), the
North Pacific Index (NPI), and the El Nino/Southern Oscillation (ENSO);
or oscillations caused by significant nonlinearities in the system.

The DBM model estimate of the climate sensitivity ˆECS = 2.29oC, with
95 percentile range of 1.94 to 2.68oC, is lower and has a smaller range than
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that suggested in most climate studies using the large AOGCM models; and
it is smaller and more accurate than the ˆECS = 2.59oC estimated as part
of the forecasting study in Young (2018). Also the estimated time constant
of the GTA response to the TRF of T̂ = 17.5 years is a little less than the
estimate of 19.31 years suggested in the same paper. The smaller values of
ECS and T mean that the theoretical equilibrium level of the GTA would be
reached a little more quickly; or more realistically, that the globally averaged
temperature will reach any specified level within a shorter period of time.

As stressed in section 3.1, it is not possible to conduct well planned exper-
iments on the global climate in order to remove the often inherent ambiguity
in the observations and so clarify our understanding of the potentially com-
plex mechanisms that underlie the observed behaviour. It is important to
realize, therefore, that the analysis and DBM modelling in this report have
been applied to a limited data set of 160 annual samples and so any extrapo-
lation of the results any more than a few years into the future must be carried
out with great caution, as suggested in section 3.6.

For instance, although the oscillatory component of the identified model
is lightly damped and regular in its behaviour, it cannot be assumed that
this behaviour will continue like this into the future. It was for this reason
that this oscillatory component was considered by Young (2018), within a
forecasting context, as a quasi-cycle with a possibly changing period and
phase, and was modelled by a time variable parameter dynamic harmonic
regression model. Furthermore, all of the model response is stimulated by
the TRF input, which is dependent on carbon emissions and natural effects,
such as volcanic activity, all of which are difficult to predict.

The discerning reader who is relatively new to climate modelling but
acquainted with the dynamic behaviour of other natural dynamic systems
may well be surprised that the globally averaged climate data can be modelled
as a simple, linear dynamic process. As discussed briefly in sections 3.7.3 and
3.8, it is safer to assume that this linear-like behaviour is representing the
relatively small perturbations of the climate over the 160 year observational
interval and that the underlying system is probably nonlinear. If so, it may
well be subject to the more drastic changes that typify the behaviour of
nonlinear stochastic dynamic systems.

Finally, it has to be emphasized that a model is only as good as the data
on which it is estimated. The data here consist of the three series TRF,
GTA and AMO, all of which are based on measured data that has been
processed to produce the averaged responses. Most importantly, the TRF
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total radiative forcing is a constructed series produced by climate scientists.
and so the modelling results presented in this report are dependent upon the
efficacy of this TRF series.

7 APPENDICES

A Estimating Initial Condition Effects in RIVC
Estimation

The best way to illustrate how initial conditions can be accounted for in
RIVC estimation is to consider the first order TF between u(t) and x(t) in
the differential equation model (4) in section 3. This defines a differential
equation of the form:

dx(t)

dt
+ a1x(t) = b0

du1(t)

dt
+ b1u1(t) (37)

and the Laplace transform of this model (see e.g. Kuo and Golnaraghi, 2002)
yields:

sx(s) + x(0) + a1x(s) = b0su1(s) + u1(0) + b1u1(s) (38)

so that,

x(s) =
b0s+ b1
s+ a1

u1(s) +
u1(0)− x(0)

s+ a1
1.0 (39)

As a result, it is straightforward to incorporate an allowance for initial condi-
tion effects into the RIVC algorithm by adding an additional constant input
set to unity over the whole observational interval. The initial conditions are
then estimated as the parameter(s) of the second TF in (39) that is associated
with this additional input (here, a single parameter defined by x(0)+u1(0));
and the output of this TF adds a response to the output that accounts for
the effects of the initial conditions, so ensuring a better explanation of the
data over the time it takes for the effects of the initial conditions to decay.
This time can be considerable in some cases, so accounting for the initial
condition effects can be very important. Finally, note that it may be neces-
sary in practice to increase the order of the numerator in the second TF to
fully account for the initial condition effects.
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B The Simulink Model
A Simulink diagram of the final DBM model (17) is shown on the next page
in figure 28. Here, the blocks containing 1

s
are integrators that contain the

initial conditions on the associate output variables, while the the triangles on
their side are the model parameters. The states x1(t), x2(t) are denoted by
‘ym1’ and ‘ym2’, respectively; and the sum of these, constituting the model
estimate of the GTA, is denoted by ‘ym’. The lower part of the diagram
is the feedback decomposition of the model generating the estimate of the
AMO from ‘ym2’, where the input time delay is 18 years and the parameters
are: a=-0.0518; b=-0.1346; c=-0.05595; and d=0.05489 (see sections 3.5 and
3.7.3).

This Simulink model is used in the final model estimation, where the pa-
rameters are estimated by prediction error minimization using a customized
m-file that expoits the Matlab lsqnonlin optimization routine. In this opti-
mization procedure, the Simulink model is called and run at each step in the
optimal search procedure, which also involves the first order discrete-time
autoregressive noise model (19). This is not shown in the diagram but it is
required to generate the one-year-ahead prediction errors.
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Figure 28: Simulink diagram of the final DBM model (17)/(18) used in the
final model estimation.
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